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Instruc�ons to Students :

Answer all ques�ons

Answer All Ques�ons

Q.No Marks CO PO BT/CL

CO3 PO1,PO2,PO3,PO9 L1

CO4 PO1,PO2,PO3,PO9,PO12 L3

CO3 PO1,PO2,PO9 L2

CO4 PO1,PO2,PO3,PO9,PO12 L3

CO3 PO1,PO2,PO3,PO9 L2

1 a What are the proper�es of shape func�on? 6

b

Determine the nodal displacements, stress and reac�on forces for the bar shown in figure, using penalty
approach of handling boundary condi�on
P = 4000 N,  ,  ,  = 1600mA1 m2 = 800mA2 m2 = 80GPaEAl = 210GPaESt

14

2 a Evaluate the integral  
Using two point and three point Gauss Quadrature method. 

( + 11x − 32) dx∫ 3

−2
x2

6

b

For the two-bar truss shown in fig. Determine the nodal displacements element stresses
and support reac�ons. A force of P = 1000 KN is applied at node 1. Assume E = 210GPa and 

  for each elementA = 600mm2

14

3 Derive an expression for s�ffness matrix for one dimensional bar element 10
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Aluminium 
I\ 

Steel 
p = 4000 N 
A = 1600 mm2 

l 

A = 800 mm2 
2 

E = 80 GPa 
A l 1 ) I 

' E ' = 210 GPa 
stu l . . 

I- 250mm 250mm -I 
Fig. E 4.6 

Solution: 
(i) FE model 
The FE model of the stepped bar is as shown in figure 4.6a . . , ·1 11 •·• • 
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Comparing both figures Fig. E 4.6a 

Data: A
1 
= 1600 mm2; A

2 
= 80 mm2 ; £ 1 = 80 GPa = 80 x 103 MPa; E2 = 210 GPa = 2.1 x 105 

MPa; 1
1 
= 250 mm ; /

2 
= 250 mm ; F2 = 4000 N , . · . · .. · 

(ii) Elemental stiffness matrix 
The stiffness matrix for the bar element is given by 

For element I 

A E , [ 1 -1] 
[k,J = ~e e -I 1 

[k) 
= I600x 80x 103 

[ 1 
250 -1 

q, 

-' l] [ 5.12 = 10' 
1 -5.12 

l/2 

-5.12] C/1 
5.12 q'2 

1.b



For element 2 - ) 

, I 
\ll~JIJ1,1d; 

I I . soo x 2:1 X 105 [ 1 -1] ,... 11d, l}CII l,i ;, IIJ ' 
[k2J = 

250 
, , ·2.•i " 1 r• I• I nrl • 1ill•t1t,tl l 

Id I . . I 

111111 i• 'i -

(iii) Global)~ii~ ncss ~,trix . j 
'I .' ll - . . I 

The global stiffness matnx for t~ -~!~ed bar i~given _t,y_) 
[k] = [k,] + [k2] L. -- -· { 

- _., _-<{~ .:__ q2 _ _ q3 QlqbaJ~l?_of _ _ 

1.e., -6.72 q2 
[ 

5.12 -5.12 
[k] = 105 -15:12· -!.!1 l.84 

0 -6.72 

0 Jc;, 
6.72 q3 

•• ,\f I 

l,J! Mm :( f I 
Global Nodal displacement vector ,, f.. ":•·J. i' r: , , .. • -'1.; rr ·11 --1 l.,.,ri<r.-1- •;rlJ ··c1 I;:, m 

The Noda) displacement vector for the stepped bar is given by 
Lr 

{Q} = {q, C/2 q3}T 

Global load vector 
The load vector for the' stepped bar is g iven by 1 _ ·--·- ---·---- - ---- - ... ---0\-.-----

, , 
(iv) Equilibrium condition ' I• 

The equilibrium condition for the stepped bar is given by 

[kl fQ} = IF} 
i.e., 

[ 5.12 -5.12 

-6072] f} = {4(~} 105 -5~12 11.84 
-6.72 6.72 F3 0 

i· 

j r- ( ,· • 
- I 

1( 1 1 1.-. f. !1,l•!·t)• - ,.:· 

\ • 1 I I• · t ?_ : - , \ • r ~Ir l I ( • . • 

1 J, :m ,,.,111'li1t l · 11 • •I 
· . 1•.·'. :...rll , ,t -r 1 ,'11 

(iv) Applying Boundary Condition 
From figure (E4.6) boundary conditions are q1 = % = 0 (fixed ends). Using Penalty method of 
handling boundary conditions, i.e .. 



C = max lk;) x 104 ' . 
:. C = 11.84 x 105 x 104 = 11.84 x 109 N/mm 
This value of C is to be added to the k and k where nodes·are fixed 

II 33 . 
. Global stiffness matrix becomes · .. 

[

118405.12 -5.12 
[k] = 1Q5 -5.12 l 11.84 

t ; , , r \ 

6 , -6.72 

0 ] ~6.72 . 
118406.72 _' 

J I I 

;. Global force vector changes to r I ' () I ,• . • 

·' I.~ 
,, 

Where; a, and tz3 ,~Cy the spring displaeemenVand equal to -q, ~ % respectively. ,But q
1 
= ··<J.{ =· 0 

(fixedsupport). · - , , . ....:i; , , ii•1 ,•., · · :: ·' 

a = a =0 I 3 

Thus, equilibrium equafron can be written as, 

[

118405.12 
1()5 -5.12 

0 

/ 

-5.12 
11.84 
-6.72 

0 ] {q'} { 0 } .. -6.72 q2 = 4000 
118406.72- ~h - . 0 -· 

q 
1 

= 1.46093 x 10-1 mm 
q

2 
= 3.3785 x 10-3 mm 
= l.91745 x 10-1 mm q3 

:. The nodal displacement vector 

,: .i" 

{Q} = {L46093xl0-7_ 3.3785xl0-3 l.91745xl0-7r mm Answer 

(vi) Stress in each -element (member) 
Stress in a bar element is given by 

[-1 1] { qi } 
qi+I 

where i = e 

I. 

\ '. 



For element 1 

cr1 = 802~~03 [-1 ] {l.46093x w-3}q• = 1.081 MPa 1 3.3785 x 10-3 q2 
Answer 

For element 2 

cr = 2.1 x 10s [-1 1] { 3.3785 x 10-3 }q2 = 2.8378 MPa Answer 
2 250 l.91745xl0-7 CIJ 

(vii) Reaction forces , , . 
The reaction forces at the supports is given by 

R 1 = - Cq1 = -l729.74' N 
R3 = - C% = -2270.26 N -



3 

Evaluate the integral: I= f (x 2 + llx - 32)dx using one, two and three Point 
-2 · gauss 

Quadrature. Also, find the exact solution for comparison of accuracy 
Solution: 
The existing limits of integration should be changed from [-2, +3] to [-1, +I]. 
Given a= -2; b = 3 

Mapping function, 

Thus, the given equation can be written as 
I 

I= 1~, +llx-32}dx = 2.s[Ws\+1))' +1{ (s~tlJ-32)~ 
(i) Exact Solution: /cx:u:t = -120.83333 • 
(ii) One Point Formula: 

I • 

I 

I= ff(~)d~=wif(~,) 
- I 

For one point formula in Gauss Quadrature integration, weight, w 
1 
= 2, and Gauss Point, ~

1 
= 0. 

Thus, 

,, = 2x 2.Sxl( (sx~ + I)r + 11( (sx~+ I))-32 J =- 13125 

Thus, Percentage of error = 8.62% 
(iii) Two Point Formula: 

Here, for two point formula in Gauss Quadrature integration, weights and Gauss points are 

I I 
w1 = w2 = I, ~1 =j'j, ~:! =- fj. , 

Thus, 
I 

f = ff(~)d~=wJ(~ 1)+w:i.f(~2 ) 

2.a



+I>< 2.5 >< 

2 

(5x -1 + 1) 
+ l l v3 -32 

2 

== - 120 833 
11ius, Percentage of er · 25 ror == 6 62 
(M Three Point Forn1uta: · >.< 1 o-

05 

For three point formula in Gau Q . . ss uadrature integration w . 
,,=0.00089, S, = 0; W2 = 05556,l; = , ,, •· eights and Gauss points are 

2 +0.7746, w = 05556 t I 3 • • •":,3 = -0.7746 

I = I. f (l;)dl; = ~,J(S, )+ w,f(~,) +w,f(~,) 

/ 3 = 0.8889 x 25l{( '.S~:O,+) J + I ex~+ I) )- 32] 

+05556 x 25x l ( (s x 0.7;46+ I) J + I {t sx 0.7;46 + I) )-32] 

, . [((5x(-0.7746)+.1)Y ((sx(-0.7746)+1)1 j 
+05556 X 2.5 X 2 ) + 11 2 )- 32 

I t., = 25 x (-23.3336+0.4100-25.4120) = -120.839 
fe~US,Percentage of error= 4.69 x IO""· However, difference of results will approach to zero, if 

more digits after decimal points are taken in calculation. 
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