'» (i) Direct proof : Assume that n is an odd integer. Then n = 2k + 1 for some integer k. This

- givesn+9 = (2k + 1) + 9 = 2(k + 5) from which it is evident that n + 9 is even. This
establishes the truth of the given statement by a direct proof.

(i1) Indirect proof : Assume that n + 9 is not an even integer. Then n + 9 = 2k + 1 for some
integer k. This gives n = (2k + 1) — 9 = 2(k — 4), which shows that n is even. Thus, if

n+9 is not even, then n is not odd. This proves the contrapositive of the given statement.
This proof of the contrapositive serves as an indirect proof of the given statement.

(iii) Proof by contradiction : Assume that the given statement is false. That 1s, assume that n
is odd and n + 9 is odd. Since n + 9 is odd, n + 9 = 2k + 1 for some integer k so that
n=2k+1)—-9 = 2(k—4) which shows that n is even. This contradicts the assumption

that n is odd. Hence the given statement must be true. m
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@ Bl A, = 1172 4 122841

Basis step: We note that

A= 11124192 = 11 4+ 12° = 1331 + 1728 = 3059.

We readily check that 3059 = 23 x 133, so that 133 divides 3059.
Thus, A, is divisible by 133 forn = 1.

Induction step: Assume that A, is divisible by 133 forn = k = 1:
Now, we find that

Apey = 1193 4 1220#D*1 - (using the definition of Ay)
{15 x 11) + (122! x 12%)
(k2 11) + (122! x 144)
= b 11} + {12%* x (11 + 133))
= (i (oZbe ey (1224 x 133),
— (A be 1) & (12745 133)

sentation shows that Ay is divisible by 133 when Ay 1s divisible by 133.

This repre :
he required result by induction.

This completes the proof of t



@ » (i) By using the definition of the given f, we find that
SO =(-3x0)+1=1, f(=1) = {-3x (-} +1=4,
f(3/3) =(3x5/3)-5=0, F(=5/3) = (-3 x (=5/3)} + 1 = 6.

(ii) From the definition of the given f, we find that f(x) = 0 only when x = 5/3. (Observe
that f(x) # 0 for x < 0). Therefore,

Similarly, 1oy = {5/3).

i) ={xeR|f(x)=1)={2,0)
f(-1)={x€eR]| f(x) = -1} = {4/3}; observe that f(x) # —1 when x < 0.
¥ B)=1xcR| f(x)=3} = {8/3,-2/3).
F1(-3) = {2/3}.
f'(—6) = @, because f(x) # —6 for any x € R.
(iii) We note that F1([=5,5]) = (x € R| () € [-5.5])
={xeR| -5< f(x) <5)

When's >0, we haye f(x) = 3x—5. Therefore, =5 < f(x) < 5 whenever -5 < (3x—-35) < 5,
pr<3x < 10, 0r0 < x < 10/3.
When x < 0, we have f(x) = —3x+1. Therefore, -5 < f(x) < 5 whenever -5 < (-3x+1) <
S5,or-6 < -3x<4,0r2>x>-4/3,0r —4/3 < x < 2. Thus,
FA(-55D)=({xeR| ~4/3<x<20r0<x<10/3)
={xeR| -4/3<x<10/3)

= [-4/3,10/3]



Proof: Since f and g are invertible functions, they are both one-to-one and onto. Consequently,
g o f is both one-to-one and onto. Therefore, g o f is invertible.

Now, the inverse f~! of f is a function from B to A and the inverse g~! of g is a function
from C to B. Therefore, if h = f~! o g~! then A is a function from C to A.

We find that

(gof)oh:(gof)o(f_log_l):go(fof])og"l:go[Bog'l

= 2o =i
and ho(gof) = (flog!)o(gof)
= flo(gloglof=flolgof
— f_10f=IA

The above expressions show that h is the inverse of g o f; thatis h = (g o f)~!. Thus,
(e =h= flog™,

This completes the proof of the theorem. o



\ » Let S denote the set of allﬂperﬁ‘iutations of the 26 letters. Then |S| = 26!.
' ‘Let A, be the set of all permutations in which CAR appears. This word, CAR, consists of

three letters which form a single block. The set A; therefore consists of all permutations which
contain this single block and the 23 remaining letters. Therefore, |A;| = 24!
Similarly, if Az, A3, A4 are the sets of all permutations which contain DOG, PUN and

BYTE respectively, we have

J

|A2| = 24!, |A3| =24!, |A4]=23]).
Likewise, we find that*

A1 NAz| = 1A NA3| = |A2 N As] = (26 - 02 =221
IAInA4|:|A20A4|—|A30A4|=(26-—7+2)=21!,
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IA; N Az N A3zl = (26 - 9 + 3)! = 20!,
IAlﬁA.20A4| IA] NA3NAgl =|A2NA3N A4 = (26-10+3)! = 19‘

A; NAsNA3NAs=(26-13+4)! = 174,

Therefore, the required number of permutations is given by

|A N Ay N A3 N Agl =-|S\-—Zl_Ag|+Z|A;ﬂAj|—2|AiﬂAjﬂAk|+|A1 N Ar N Az N Agl
2261 — (3% 241 +231) + (3 x 221 + 3 x 211) — (20! + 3 x 191) + 17!



» The given word consists of the letters E, N, G, I, R, with frequencies 3, 3, 2, 2, 1 respectively.
[0 | First, we arrange these letters in the non-decreasing order of their frequencies (which may be
regarded as weights). Their representation as isolated verties is shown below.
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Figure 10.32: (i)

We now construct an optimal tree having these letters as leaves by using the Huffman'’s pro-
cedure. The graphs obtained in successive steps of the procedure are shown below in Figures
10.32(ii)-(v) in the order of their occurrence. The labeled version of the final tree i1s shown 1n

Figure 10.33.



Figure 10.32: (ii)
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Figure 10.32: (iii)
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Figure 10.32: (iv)




Figure 10.33

The tree shown in Figure 10.33, is the optimal tree that we sought. From this tree, we
obtain the optimal prefix codes shown below for the letters with which we started:

Relo G111 100 E:01 N:10
Accordingly, the code for the given word ENGINEERING is
0110111001001011100010111 B


















