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1 [To determine the rise time, Peak time, Peak overshoot and settling time of a unity) 10 |CO3| L3
feedback system with open loop transfer function G(s) = . (sfm) so that the system
will have a damping ratio of 0.5. Compare theoretical and Practical values.
a unisiep mput.
SOLUTION R@@_’@‘_‘ )
The unity feedback systemis shown infig 1. !
_Cls)_ Gis) : —_—
The closed loop transfer function Re) 1+ 66) Fig 1 : Unity feedback system.
Given that, G(s) = K/s (s +10)
K.
CCls) _ s(s+10) _ K B K
RS 14K s(s+10)+K  s7+10s+K
s(s+10)
The value of K can be evaluated by comparing the system transfer function with standard form of second order transfer
function.
. Qs _ X .
" Rs) s? +2;mns4-u)s ~ s24+10s+K
On comparing we get,
0l=K 2o, =10 K=100
o, =VK PutZ=05and o, = VK o, = 10rad/sec
~2x05x/K=10
\/E:: 10
The value of gain, K=100.
Percentage peak overshoot, %M, = e afi<? 100
= 605057 10020163 x100 =16.3%
= e = =0.363
Peak time, 1, w2 an1—§2 T sec
RESULT
The value of gain, K = 100
Percentage peak overshoot, %M, = 16.3%
Peak time, Sl 0.363 sec. -
2 [The open-loop transfer function of a unity feedback control system is given by] 10 [CO3| L3
G(s) = oI By what factor should the amplifier gain K be reduced, so that the
peak overshoot of unit step response of the system is reduced from 70% to 20%.




Given that, G(s) = K/s (ST +1)

o Cls) _ Kis(sT+1) _ K . __ 'K .. CKIT
T R(S) 1+K/s(sT+7) s(sT+1)+K s2T+s+K

e2+36: K

) BN
Expression for £ and o, can be obtained by comparing the transfer function with the standard form of second order
transfer function.

. Cs) _ w2 __KIT
R(s) s%+2Lo,s+02 32y e K
T T
On comparing we get,
02=K/T ZLo,=1T
1 1 1
S0, =dKIT B et B a2
" 7 20,7 o/ o 2JKT

The peak overshoot, M, is reduced by increasing the damping ratio €. The damping ratio § is increased by reducing the
gainK.

When M, =075, Let£=¢, and K=K,
When M, =025, Let{=¢(, and K=K,

Peak overshoot, M, =& %V*5*

5
Taking natural logarithm on both sides, /n M, = —=

1-¢2
527[2
On squaring we get, (/n M,)* = = w2
On crossing multiplication we get, On equating, equation (1) & (2) we get,
nM,)?
- M =g ' L)

KT w2+ (n M)

(In M, )? ~C%(In M, )2 = %2 < %
(InM,)* = %% +£%(in M,)? K= %
(InM)? =22 [x* +(in M, )2]

2= % 1)
But =?J1K_T' =g =T1ﬁ s ()

2, (07572 9952 3006
When, K=K, ,M_=0.75, . K,=Z "¢ 2 =
o KMy AT (n075)° 033 T
24+(n025)> 1179 153
When, K=K, , M =0.25, - K,==_*{ = =
on, =16 =025, 4T (025 768T T
K, (1/T)30.06

p M e =196
K, (1/T)153

Ki=196K, (o) K,= ;91—6 K,

To reduce peak overshoot from 0.75 to 0.25, K should be reduced by 19.6 times (approximately 20 times).

——a

A unity feedback system with open loop transfer function G(s) = ———

overshoot and the corresponding peak time, Rise time, Settling time.

s(s+0.6)
Determine its transient response for unit step input. Evaluate the maximum
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The closed loop transfer function, As) . Gls)
R(s) 1+G(s) H(s)

Giventhat, G(s)=(0.4 s +1)/s(s +0.6)
For unity feedback system, H(s) = 1.

04s+1
C(s): G(s) . 2n s(s+06) 04s+1
R(s) 1+G(s) 4, 04s+1 s(s+0.6)+0.45+1
s(s+0.6) '
» 04s+1 _04s+1
s°+06s+04s+1 s?+s+1
The s -domain response, C(s)=R(s) x M
s“+s+1

For step input, R(s) = 1/s.

1 04s+1 04s+1
S)=— -
&s) 2+8+1 s(sz+s+1)

By partial fraction expansion C(s) can be expressed as,

Cle)=—045+1 A BsiC

s(s’+s+7) S s2+s+1
The residue A is solved by multiplying C(s) by s and letting s = 0.

04s+1

e A*C(S) ® SI ST_'_S":‘I- 0:
5=

s=0"

The residues B and C are solved by cross multiplying the following equation and equating the coefficients of like powers of 5.

0.4 s+1 _A,  Bs+C
s(s?+s+7 s s?is+i

On cross multiplication we get,
04s+1=A(s?+s+1)+(Bs+C)s
0.4s+1=As’+As +A+Bs?+Cs
On equating coefficients of s?we get, 0=A+B s B=-A
0 A

On equating coefficients of swe get, 0.4=A+C .. C=
C(§)=l+ 72570.6 =.l_ . 5+0.6 _1 5+0.6
$ s°+s+1 s s°+5+025+0.75 s

(s*+2x05s+05%)+0.75

The transient response of c(t) = e‘°'5‘[0.1 155 sin(J0.75 t)+ cos(J0.75 t)]

The value of £ and @, can be estimated by comparing the characteristic equation of the system with standard form of

lecond order characteristic equation. oft)
LS+ Ao s+o2=s?+s+] 1.163
On comparing we get, 1b-- N\
© e2=1 | 2%0,=1 :
~oo,=1rad/sec .'.Q:z;n=%=0.5 : ~
L -05x 0 1,=3.628 sec T

Maximum overshoot, M, = o= = V95 _ 0163 Fig 1 : Response of under damped system.

% Maximum overshoot, %M, = M, x 100 = 0163 x 100 =16.3%

K ki K3
Peak time, t, = —= = = 3,628 sec
PT0s o 1-8  1xV1-08?

The forward path transfer function of a unity feedback type-1, second order
system has a pole at -2. The nature of gain K is so adjusted that damping ratio
is 0.4. Evaluate the steady state error when the inputis r(t) = 1 + 4t.
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R{s)

The error signal in 5 -domain, E(s)=

1+ G{s)H(s)
sk 21 L)) _10(s+2) 1
Given that, R($)=;_S_2+§3- . G(S}- 51{9+1:| ' H{E) 1
3.2, 1 32,1
 Fe)_S S5 3 s s 3
”E{S}_1 10(s+2) s(s+1)+10(s+2)
T Ss+) s%(s+1)

3 s¥(s+1) 2 2(s+1) L s%(s +1) ]
s+ 1) +10(s+2)| 2| s(s+7)+10(s+2) 367 | (s +1)+10(s +2)
The steady state eror e_ can be obtained fromfinal value theorem.
Steady state error, €, = Iie{t] = at_,.tue- E{s)

3 s%(s+1) .2 (s +1) W s +1 ]
“em= LS ;Lz(s+1}+10{s+2} Cs?| s (s+1)+10(s+2)| 3s°|s*(s+1)+10(s+2)

characteristic polynomial
55% + 9s° 4+ 9s* + 453 + 205 + 365 + 36 = 0.

s 1 9 4 36 ..Row-1
s : 5 9 20 36 ..Row2 l
Divide s® row by 5 to simplify the computations.
s : 1 9 4 36 ..Row1
st 1 18 4 72 ..Row-2
o1 b 4 ... ROW-3
st 1« 0 4 ... Row+4
£ T 00 ... ROW-5

The row of ali zeros ipdicate the existence of even polynomial,
whichis also the auxiliary polynomial. The auxiliary polynomialis, s*+4=
0. Divide the characteristic equation by auxiliary equation to get the quotient
polynomial.

The characteristic equation can be expressed as a product of
quotient polynomial and auxiliary equation.

the S-plane and hence the stability of the system represented by the

s7 +

3s’(s+1) 25(s+1) (s+1) } =0-0+
=slltﬂ{ (s+1)+1.0(s+2] s(s+1}+10(s+2] _i(s+1}+30{s+2) 0-0 60
Use the Routh-Hurwitz stability criterion to determine the location of roots on| 10 |CO3| L3




8! +58° 4957 + 95% + 45° 4+ 20s% + 365+36 =0
(s* +4) (s3 +552 +95+9)=0
Even Quotient polynomial
polynomial -
The routh array is constructed for quotient polynomial as shown
hielow: 1. 5x9-9x1
‘ £ Nevicia 8 ———a—=
s I igh 9 5
! ! 8% 72
I I
= I . i " g0 72x9-0x5
& iz 142! ' 7.2
I I so . 9
I i .
¢ &0l
“ =2 Column-1

There is no sign change in the elements of first column of routh an
quotient polynomial are lying on the left half of s-plane.

To determine the stability, the roots of auxiliary polynomial should be
The auxiliary polynomial is, s* +4 =0,

Put, s?=xin the auxiliary equation, .. s‘+4=x2+4 =0

The auxiliary polynomial is, s* +4 =0.
Put, s2= xin the auxiliary equation, ..s'+4=x2+4 =0
axXt=-4 = x =+/4=4j2=2,90° or 2£-90°
But, s=yX = +42290° or +y22-90° = +42/980%2 or ++2 £-90°2
=+2245°  or £42/4-45 = £(1+]) or =(1-j)

The roots of auxiliary equation are complex and has quadrantal symmetry. Two roots of auxiliary equation are lying on the
right half of s-plane and the other two on the left half of s-plane.

The roots of characteristic equation are given by roots of quotient polynomial and auxiliary polynomial. Hence we can
conclude that two roots of characteristic equation are lying on the right half of s-plane and so the system is unstable. The
remaining five roots are lying on the left half of s-plane.

The open loop transfer function of a unity feedback system is given by G(s) =

—XCD__ Determine the value of K and a so that the system oscillates at a
s3+as2+2s+1

frequency of 3rad/sec.

K(s+1)
Theclosedloop| C(s) _ G(s) _ ¥ as?s2s+1 . Kis+1)
transfer function] R(s) 1+G(s) 4, __ K(s+T)  s7:1as®+2s+1+K(s+1)

s®+as?+2s5+1
The characteristic equationis, s°+as?+2s+1+K(s+1)=0.
s’+as?+2s+1+Ks+K=0 =. s+as?+{2+K)s+1+K=0
The routh amray of characteristic polynomial is constructed as shown below. The maximum power of sis odd, hence the
first row of routh array is formed using coefficients of odd powers of s and the second row of routh array is formed using

coefficients of even powers of s.

Ifthe elements of s* row are all zeros then there exists an even polynomial (or auxiliary polynomial). if the roots of the
auxiliary polynomial are purely imaginary then the roots are lying on imaginary axis and the system oscillates. The frequency of*
oscillation is the root of auxiliary polynomial.

10

CO3

L3




Routh array
st 1 2+K
s?: a 1+K

a(2+K)-(1+K)
a

st: 1K

§%

From s?row, the auxiliary polynomial is,

4 2 i 1+K
as?+(1+K)=0 = as? = —(1+K) = s=j =

X A*K 14K
Given that, s=+j2, T=2 = —a—=4 = K=4a-1

Fromstrow, 22K -0+K) 4 — s2+K)-(1+K)=0 = 2a+Ka-1-K=0
a ¥

2a-1+ K(a-1)=0
Put, K = 4a -1
L 2a-1+@a-1)(@-1)=0 = 2a-1+4a’-4a-a+1=0 = 4a2-3a=0 (or) a(4a-3)=0
Since a#0, 4a-3=0, na=3/4
Whena=(3/4), K=4a-1=4x(3/4)-1=2
RESULT

When thé system oscillates at a frequency of 2 rad/sec, K=2 and a=3/4.

7a [The characteristic equation of a feedback control system is given by CO3| L3
s* + 20s3 + 1552 + 25 + K = 0. (a) Determine the range of values of K for|
the system to be stable. (b) Can the system be marginally stable? If so, find the
required value of K and the frequency of sustained oscillations.
The maximum power of s in the characteristic polynomial is odd, hence form the first row of routh amay using coefficients
.of odd powers of s and second row of routh array using coefficients of even powers ofs.
B Pl o1, 5x(9-K)-Kx1
gl 5 K 3 5
st @ 9-12K : &t %K;K
o i ; o 0K o 10k
From s! row, for stability of the system, (8-1.2K)>0 5
If (9-1.2K)>0 then 1.2K<9 ; .-.K<-195=7.5 s @-(19%%)}(’;5
From s° row, for stability of the system, K>0 s°:K
Finally we can conclude that for stability of the system K should be in the range of Q<K<7.5
RESULT
For stability of the system K should be in the range of, 0<K<7.5.
7b |Use the Routh-Hurwitz stability criterion to determine the location of roots on CO3| L3

the s-plane and hence the stability of the system represented by the
characteristic polynomial s® + 2s°> + s* + 2s3 + 3s2 + 45+ 5 = 0.




-l 1 3
st € A |
o 366—1 2ee—1
& —2e2+45—1l
3e-1.
o o e
2 -4e+1
8 3 1
On letting € — 0, we get,
s 1 - T
s° 1 3 2
st 0 1:. 4
[ g T
+ ¥ ¢ 1
g 0
8 =z 1

Since there is a row of all zeros (s' row) there is a possibility of
roots on imaginary axis. The auxiliary polynomial is s? + 1 = 0.

On letting € — 0, we get

g "1_: 2 1  ...Row-1

s* :1 : 2 ... Row-2
g ¢ Eo E 1 ... Row-3
l ,I' s' :—oo : .... Row-4
.i?' s° l}.: ... Row-5

——Column-1

On examining the first column of the routh array of quotient
polynomial, we found that there are two sign changes. Hence iwo

roots are lying on the right half of s-plane and other two roots of

quotient polynomial are lying on the left half of s-plane.
The roots of characteristic equation are given by roots of

auxiliary polynomial and quotient polynomial. Hence two roots are lying

. onimaginary axis, two roots are lying on right half of s-plane and the
remaining two roots are lying on left haif of s-plane. Hence the system

isunstable.
RESULT
(@) Thesystemis unstable,

.... Row-1

.. Row-1

e ROW-2

.. Row-3

.. Row<4

.. Row-5

.. Row-6

e ROW-7,

~m

.. Row-2
..Row-3
..Row-4
.. Row-5
.. Row-6
... Row-7

[

”’

(Quotient

_s‘+s3+252+2$+1 tynomial)

s%+1|s%+8%+3s% +3s% 1 362 + 25 + 1|

6 4

Po §S
s°+2s% +3s% + 357+ 25 + 1
5 3

L8 S

g
'g 25 +25% +3s%2 + 25+ 1
=
2 3 2s* )+ 2¢?
& 2% + 82425 +1
28° )+2s
s? +1
2
08t @+l
0

(b) Two roots are lying on imaginary axis, two roots are lying on right half of s-plane and two roots are

lying on left half of s-plane.
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