”’ T

T
[

;\'.RH\’STITUTEOFTECHNOLOGY USN |
| !

- |

Internal Assessment Test — I1l FEB 2023
Sub: | Transform Calcuius, Fourier Series and Numerical Technigues
" f : Max ;
Date: | 6-2-2023 | Duration: {90 mins Sem:

| Marks:

E a

Question 1is compulsory and Answer any 6 from the remaining questions

1 . Solve the difference equation 45 + 6up41 + u, = 27, with

ug = 0 = u, using Z-transform

2 Find the Z-transform of cos(—+2) | -

:’Fmd Z transform of — and hence find zy D and zp e

3 |

4 Define Geodesics and prove that geodesics on a plane are straight lines

|




16/

|

| —
6 Giveny''= y*,3(0)
order 4

initial values.

7 |Apply Milne’s method to find y(0.4) given y''+xy'+y = 0 and the following table of | [7]

=10, y'(0) = 5.Evaluate ¥(0.1) using Runge-Kutta method of

- x2 2 12 2 x d 7 1) ?/’1 .
(’S,Find the extremal of the functional fx1 (y*+y +2Zye)dx
7 | CO5
L:,,\
L?

cos |

X 0.1 0.2 \ 0.3 J 3
v 0.995 0.9801 L 0.956 J
Y -0.0995 -0.196 L -0.2867 ‘\

| SR

the lines x=4, y=4 with boundary conditions given by
(D)u(0,y) =0for0<y<4 (iDul4y)=124+yfor0<y <4

(i) u(x,0) =3xfor0<x < 4 (V)u(x,4) = x2 for0 < x < 4




[73] Solve the difference equation Y., +6Y, , t 9%, = 2" with y,, = Y, =0 Using
Z-transforms. ~ [Dec 2018

% Taking Z-transforms on both sides of the given equatlon we have,
2y (42D 462, (4, ) +9Z,(y,) = Z ()

z
-2

e, Z2[y(z)-y, -y, 2" 1+62z[ F(2)-y,1+9¥(z) =

e |

ie, [2°+6z+9]1%(z)= Z—Z*E , by using the initial values.

i 2

or ' ¥(z)= (z-2)(z+3)

Let. (z—."/!)z(:z+3)2 s ;%+B zi3+c‘(zf3)2

or 1=A(z+3)2+B(z—2)(z+3)%C(z—‘2) ‘

Pat z=2 :1=A(25) . A=1/25

Put z=-3 :1=C(-5) C'=‘-—1/5”

Equating the coefficient of z? on bqth sidesweget, 0 = A+B .. = -1/25

1z 1 =z 1 z
25 z-2 25z+3 5(z+3)

Hence, y(z)=

1'2_1.2__1_.1 —32
25 z-2 25 z+3 5 —3(z+3)

or 7(z) =
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315
Z77(z)] = = B z]_l_*, —3z}
= Gl ZSZ L 2] 25 1 [z+3 T 154 [(zﬁua)2
n 1 . 1 n
e, Y,=—=(2) _EE(_B) +~1—g(—3) n

1
2
1

5
Thus —{ (2) ——( 3) + ( 3)" - n} is the required solution.




¥
39] Find the Z - transform of cos (n7/2+ x/4) A
& Let u, = cos(nmn/2+ n/4)

= cos(nm/2)cos(n/4)—sin(nmn/2)sin (n/4)

o = —j—i-[cos(nn/Z)—sin(nn/Z)]

VA (u ) = :/l—j[zr Cos.(_nn/.2)—ZT sin(n7r/2)]

Consider, ¢ ("2 = (¢'"?)" = k" (say) where k = 7.

N z
We know that, Z_(k") = g and hence we have,
7 (eirut/Z) _ z. _ 2z ' = Z.
& z—€e'™  z—cos(r/2)—isin(n/2) z-i
ie., ZT(éi"VZ) = Z{25 1) = iﬁj——i—%

(z—i)(z+i) z*2+1

z2 .z

+ i
z2 +1 z2+1

e, Z, [Cos(nn:/Z-)+isin(nn:/2)] =

2

- Z __z : ..
T[cos(nn/Z)]— o and ZT[Sln(n?t/Z)] = 7.1

We substitute these results in (1).

| ) 2 ; =13
Thusl Z u b= 1 [ Z e = =_i£i—f—”
r (%) V21z2+1 z*+1 V2 (22 +1)

where u#, = cos(nn/2 + nn/4) ‘ 1
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[38] Show that ZTLn!J = €. Hence find ZT[\I_] nd Z [ 1 }
.

@ By the definition,

But, € =1+~i—!+-£+§+-~ and here we have x = ;7

1 -1
Thus’ ZT l:—] = ¢* = elfz

We have the properties,

Z (u,,)=z[u(z)-u,] | L
ZT(un;2) = z['ﬁ(z)—uo — ¥ Z_l] o0 (2)
Let, u =l s Z(u ) =ﬁ(2)=el/z_
' " n! Thom

Also, u

1 _ 1
=fﬁ=1 and ul—l! 1

Thus by using these results in (1) and (2) we obtain,

1 :
Z, (n+1)!] z[ ¢ -1]
L "
1 ] 1)z-1—z’1:|
ZTL(n+2)!_ - z[é |

P




@ Geodesics

Given two arbitrary points P and Q on a surface S, there exists infin;
of curves on the surface having P and Q as their extremities. Of ¢,
that curve whose length is the least is called the geodesic between
P and Q on the given surface.

In other words, a geodesic on a surface is a curve along which the distance
between any two points of the surface is a minimum.

Finding the geodesic on a surface is a variational problem involving the
condition for the extremum of the associatied functional.

& numpe,
€se CuWQS

the poipy,

5.24| Standard variational problems.

[31] Prove that the shortest distance between two points in a plane is along the
straight line joining them or porve that the geodesics on a plane are straight lines,
[June 2017, Dec 16, 18]

T Jlety=y(x)bea curve joining two points P(x,,y,) and Q(x,,y)

in the XOY plane. |
We know that the arc length between P and Q is given by

% ds r dy
x_}[ ;Ec'dx = ;[\/14-(;1%) dx

X,

je, s=1I= [Jl+y”dx

%y

S

‘We need to find the curve y ( x } such that I is minimum.

Let, f(x.y.Y) =yl1+y?

of d(af

Euler’'s equation, oy ax| oy

] = 0 becomes,



d y'
or  dx [W] =0

ie, Y S +y? —y 2y'y"

—_——

2.1+ yfz =0, by quotient rule and cross multiplvine

‘—..-f-

e Y (1Y) -y y? =0 or y = 0.
iy
o, —2 =

dx?

Let us integrate twice w.r.t x

Thus .y = ¢,x + c, | which is a straight line.



f r2 | x
[15] Find the extremal of the functional I (y* +y'" +2ye )dx

) s /
&= Let, f(x’y’y') — y2+y12+2yex

of d(of 4
’ . _ =0 ,
Euler’s equation, oy dx [ 6]/'} becomes

(2+2e) - - (2y) =0 or y+e -y =0

ie., y"_y =e or (D2 —-1)y = ¢ where D = .;1.._.x_
AEiS m2—1=0 Sm=+1

= = X =
Hence, CF =y, =c € +c, e

x x

€ e
PIzyP=D2__1= 0

, on replacing D by 1.



Wehave/ y = yc+y
r

Thus,

— F -
y=ce+c e +xe )2




d*y d
dx2=y3 andy=10, ‘l:s'atx =0by

dx
Runge-Kutta method of fourth order.

[3] Com

| q 7
& Putting -&y- = z and differentiating w.r.t x we obtam Exl = Ez; so that
’ g : dz 3
the given equation assumes the form i 3. Hence we have a system of
equations:
—c—i-y-:-z,gi—y where y—10,2?5’x=0~
dx - dx

Let, f(x, y,z) = 2, g(x,y,z) = ys, X = 0, y0‘= 10, zd =5 and h =0.

We shall first compute the following : |
, 2,) = (0.1) (0. 10, 5) = (01)5 = 03

<k1=hf(x0,

L (0.1)[103] =100



h 1
. kZ = hf(x()-{-—’y() «}'ELIZO '{'EI)

e 'I‘echniques

k
2

k, = (0.1) £ (0.05, 10.25, 55) = (0.1)(55) = 5.5
L, = (0.1)[(10.25)° ] =107.7
h k /
k, = hf(x0+—2-, Y, +-§_2—, z0.+52]
k, =(0.1) £(0.05, 12.75, 58.85) = (0.1)(58.85) = 5.885
[, =(0.1)(12.75)° = 207.27
k, =hf(x, +h,y +k, ,z +1)
k, =(0.1) (0.1, 15.885, 212.27) = (0.1)(212.27) = 21.227

- J
[, = (0.1)(15.885)" = 400.83

1
Ve have, y(x,+h) = y0+g(k1+2k2+2k3+k4)

Thus,

y(0.1) = 10 +%[ 0.5+2(5.5)+2(5.885) +21.227]

y(0.1) = 17.4162
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[9]1 Given the ODE y"+xy'+y =0 and the following table of ini
lnltial valu
es,

|
|
compute y ( 0.4 ) by applying Milne’s methol.

X 0 0.1 =
y 1 0.995 0.9801 ‘0\956
Y B | —0.0995 -0.196 0.28¢
~0.28¢7
& Putting y' = 2z, we get y" = 2. e——
Also we have, 2z’ = —(xz+y) from the given equation,

Further, . Z(0)=-[0+1]=-1

2/ (0.1) = —[(0.1)(~0.0995) +0.995] = ~0.985
2'(0.2) = —[(0.2)(-0.196) +0.9801] = —0.941
z (0.3) = —[(0.3)(-0.2867)+0.956] = —0.87

We also have the following table.

% x,=0 x, =01 x, = 0.2 x, =03

y Yo =1 y, = 0.995 y, =0.9801 | y, =095
y =z z, =0 z = -0.0995 | z, =-0196 | z,=-0.2867
y =2 2 =-1 |z =-0.985| z, =-0941| z =-08

We first consider Milne's predictor formulae,

4h
yflp’ = yUJr—e,—(Zz1 -z, +2z,)
4h [ ’ ’
z(" = ZO+?(221 —- 2, +2z;)

On substituting the appropriate values from the table we obtain
y{"” =0.9231 and 2(" = -0.3692

Next we consicict Milne’s corrector formulae,



(c) _ h, ) |
VO =y, 45 4z 4 2,)
"(C) — +!_l. ol 4 i -~
~4 a2 3("'2+ z3+“ )

We have, z,=—(x, 2" +y")=—[(0.4) (-0.3692) + 0.9231]=-0.7754

Hence by substituting the appropriate values in the corrector formulae we
obtain

y'© = 0.9230 and z© = -0.3692

Thus the required, y(0.4) = 0.923



9] . .
14. Solve V- u = 0 in the square region bounded by the co ordinate axes and the lines
v = 4, y = 4 with the boundary conditions given by the analytical expressions
~ - o Ve L,,

(1) u(0,y) =0 for 0<y<4
(i) u(4,y)=12+y for 0<y<4
(iii) u(x, 0) = 3x for 0<x<4
Gv)  u(x, 4) = for 0<x<4

Also employ Liebmann’s iteration process to compute the second iterative values of u(x, y)
correct to two decimal places.

Fu  u : .
>> Wehave VZu = 0 represented by o + . = 0 in two dimensions.
% Y

We shall divide the square region into 16 squares of side one unit.

We shall derive the values of u (x, y) on the boundary from the given expressions.

@) (0, y)=0= u(0,1)=0=u(0,2)=u(0,3)=u(0,4)

() w(d y)=12+y = u(4, 0)=12; u(4 1) =13;
u(4,2)=14 ; u(4,3)=15;u(4,4) =16

()  w(x 0)=3x = u(0,0)=0;u(l,0)=3;
u(2,0)=6;u(3,0)=9;u(4,0) =12

V)  u(x, 4)=2® = u(0,4)=0; u(l, 4)=1;

u(2,4)=4;u(3,4)=9;u(4 4)=1e

\_Ne shall represent these values on the square region and let u,, u, - Hg be the
Interior mesh points of the region.
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ol |y |y i
itig »\ 1!4 ‘115 Ug i,
! 0 ‘ ;H7 g 1149 13

077376 9 12
ug is located at the centre of the regii)n. ¥ b
u;g}’= % (0+14+4+6) =6 DbyapplyingSF

Next we apply D.F to compute Uy Ug, Uy, g

N 1 _ ) 1

Uy =7 (0+6+0+6)=3 ; ug=—4:(6+14+6+12)=9.5

D=L 0444046y =25 L1

Uy =g (0+44046) =25 5 uy’= 7 (6+16+4+14) =10
Now we shall compute wu,, 1, u,, uy by SF

s % (25+10+4+6) = 5625

53)= % (0+6+25+3) = 2875

13{3’): 21'1 (6+14+10+95) = 9875

118=%(3+9.5+6+6) = 6.125

These values are regarded as the initial approximations to commence the Liebmann’s
iterative process for greater accuracy. We compute “;(i =1 to 9) intheserial order

by using the latest iterative value on hand by aPPlying thg standard five point formula

(1‘]].‘(7' PN Y EEEN



