Solution 21MAT31 —jan feb 2023
GBESISCHEN RS

USN ’ i | J- J Y 21MAT31
Third Semester B.E. Degree Examination, Jan./Feb. 2023
Transform Calculus, Fourier. Serles and Numerlcal
Techmquas -
Time: 3 hrs. 3 Max. Marks: 100
= Note: Answer any FIVE full questwns, choowng ONE full question from each module.
= Module-1
2 1 a. Find the Laplace transform of* »
E 2 _2sin3t 3
3 te l LN . (06 Marks)
g2 L 8
% b. Given that f(t) ;{E’ Bt
£ I=E, ¥ <t<a
e e
g‘g: where ﬂt_+a)= f{t) show that L{f(t)} = lS:-tan h(%). (07 Marks)
g an ¢ Using convélution theorem obtain,._ﬂié_‘invcrse. Laplace transform of the following function :
£E + N N (07 Marks)
Sz (s—D(s“+D -y
S % 2 a. Find the inverse Laplace transform of :
g’s’ --—L S . _,. o (06 Marks)
S 5 sT-6s+13 A% - .
B b. Express the follow:ng function mtmns of unit step funcuon “and hence find their Laplace
=2 transform. - -
g2 IL--0<t<l £
=8 . - o S
£ = f(t)=<4t; 1<t<2 5 - (07 Marks)
g E Sl -
if- g ¢. -Solve the following mtlal value problem by 1 usmg Laplace transform :
i d2 dy -
&= 2+ 4=+ 4y Ny Y(O) 0,y (0) 0: (07 Marks)
55 3 A
3E >/ v
3 = - Module—z
g 2 : : s X .
gE 3 a. Obtain Fourier series of f(x)= 3 in 0 < x < 27. Hence deduce that
—_ . 4
) l—l+l—l+------=5-;. : (06 Marks)
2 375 7 4
g - Find a cosine Fourier series for fix)=x-12%0<x<1. (07 Marks)
5 ¢. Obtain the Founcr Series of y upto the First harmonic for the following values.
= S
- x° |45 90 [ 135|180 [ 225 [270 | 315 360

y 4.0J3.8 24 (20| -15] 0 [28]34

(07 Marks)
1 of 3
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21MAT31

OR 3
Obtain Fourier series for g
A nx  in 0<x <1 L
f(x)= . . , (06 Marks)
n(2-x) in1<x<2 7 A
Obtain the sine half range series for the function= :-'f
f(x)= l—(iJin 0<x<m. » 7 / (07 Marks)
T -

The following values of y and x aq&giv;h. Find Fourier series ofupto first harmonics.

(% [ Pk [ 4 [ 6 [ 38 W12
Ty | 9.0:.F18224.4[27.8[27.5§22.0] 90 |

(07 Marks)

=3 Module-3 =

%2 ip('{-d . ]
If f(x)= i A l—-‘|>1 . Find Fourier trafsform of f(x) and hence find the value of
, 9|2 ~

X COSX~SInX dx. _ (06 Marks)
0 x> . A 3
Find the Fouricr sine transform of f{ix) = ¢ *' and hence c\i;i__luate

XSINMX 4%, m>0- s ok AN (07 Marks)
0 1+x2 ’ P wid Ny, 3
Solve by using Z-Transfernis U,,, +2U,,, +U, =n with Up=0=U.. (07 Marks)
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- ¥ -~ e

. “OR =
6 a. Obtain the Founer cosine tranbfonnoﬁhc function:
4x,7 0<x<l :7.;—.‘“
f(x)s{4cX, 1<x54 /% - ; L (06 Marks)
/0, x >4, _ _4
b. ()btam the Z-transform ofCosn 0 and Sin ne- (07 Marks)
C5n1puto the i inverse: Z-transfonn of 322—4'22 (07 Marks)
(5z=1)(5z+2)
——’;ﬁ _Mﬁ odule-4

7 a. Cla551fy the f’o}lowmg partial dlffl'cntla] equations :
)% u +(1-y )u =0, -oo<x<oc—l<y<l
i) (1+x? Juy, +(5+2x lu,d +(4+x Ju, =0
i) (x+1u,, -2(x+2)u +(x+3)u, =0. (10 Marks)

b. Solve u, = uy subjec.t to the conditions u(0, t) = 0 = u(l, t) and u(x, 0) = sin(nx) by taking
h=0.2 for5 lcvcls ‘Further write down the following values from the table
) u(0.2, 0.04)
ii) u(0.4, 0.08)
iii) u(O,_6n3 0:06). (10 Marks)

20f3

e

21MAT3I1

OR Mg g
8 a. Solve the elliptic equation uy, + uyy = 0 for the tollo“mg square Mesh with boundary values
as shown. Find the iterative values of ui(1 to 9) to fﬁi&nearest integer.

T 'i":_“:rw.,
u™s GL;'- & tooo 4
loce R 3
£ U «
2oove A_;; 3-¢'°;'
[oc® ‘ # = b l';ﬂa
i ‘5/ i
& L
. Flg Q8(a) q v (10 Marks)
b. Solve 25uy = uy at ;hefi’t’otal points given u(0, t) 0= u(5, 1), udx, 0)= 0 and
20x, =0<x<l
u(x,0) = . by taking h = l\:com ute u(x, t) for0 <t < 1. (10 Marks)
(x,0) {5(5_x) s g pute u(x, t)
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o dule-s

9 a. Given y’ --»xy’ y = 0 with the Mcondmons y(O) I‘y (0) = 0 compute y(0.2) using

fourth order Runge - Kutta method. ;
b. Derive the Euler’s equation. |
¢. Find the extremal of the funetional.

-
w

f (y +y2+2yet)dx. Gt

X3

\

‘.M\‘ " > e~ v,—;::';
‘"‘\“"“” J»Q:R; %, J
3%2'; d
10 a. Obtain the sQluuon of the cquatlon Zr&x— 4x + ol

applymg'mlnc s method ustg@followmg data : .“Lj

J{ ' 1 1.1 12 13
¢ 2.21;&%-4649 2.7514
8

2
%= Q} y 2 [2.3178472.6725 | 3.0657
g7 R vl T

s

(06 Marks)
(07 Marks)

(07 Marks)

fbgy computmg the value of y(1.4) by

(06 Marks)

b. Find the cuwgm whlch the ﬁmgua%r J-Ey] +12xy]dx with y(0) = 0 and y(1) = 1 can be

. | )0
determined. %
¢. Prove that the shoncst d|staqce Betwcen two points in a plane is straight line.

‘.
]

la
Find the Laplace transforms of te*' — ZSi:l 3¢
2sin 3t
Let, f(t)=te¥ —=——— = f (£)— £, (t) (say)

LIA()I=LIA(E)I-LLf,(8)]

Now, L[f (t)]=L(te*)={L(t)} _, , = {lz}

1

LI f,(t)] = (—m

Next, L[fz(t)1=2L[Si“3']

= 2] L(sin3t)ds = 2] — 32
s s i

LIf,(t)] = 2[tan™" (5/3)]7 = 2{n/2—tan™" (5/3) } = 2cot™* (5/3)

LLf, (#)] = 2cot™ (s/3)

Thus the required, LI f(E)}= ﬁ— 2cot™ (s/3)

or

(07 Marks)
(07 Marks)
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1b)

. E, O<t<a/2
[44] Given f(t)::{—E, iB<tca where f(t+a)= f(t),

show that L[ f(t)] = Efs-tanh(as/4).
% The given function is periodic with period T = a.

1 T -
e—sTge f(t)dt

We have, L[f(t)]= =

=1 _ferf(tya

1 . e‘Sﬂ

E P ] = — {mjze-“ Edt+ | e"’(—E)dt}

1-e* a2

- tefl5T 5]
1—-e™™ -5 1o s Ja2

S il e o

s(1-€™)
E —as2 ~as —as/2
= ——1- +1+e™ —e™
s(l—e'“"){ e e e~}
-asf2 \2
L e
s(1-¢e™) s(1-¢e™)
E(l—e'"""z )2 - E(l_e—us.'l)

L[f(t)]= : - = ,
[f( )] S(l £ e—al;Z )(1 75 e-as‘-z ) S(] + e—ds,2 )
Multiplying both the numerator and denominator by ¢** we get,

_ E(e®*-e™") _E-2sinh(as/4)
LLfF(l= s(e”* +e™*)  s-2cosh(as/4)

Thus, L[f(t)]=§tanh(gf)
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1c)

- 1 _ 1
Let, f(s)= ETI; g(s)= e

= f()=L'[f(s)]1=¢; g(t) = L"[Z(s)] = sint
Now by applying convolution theorem we have,

L»lli(s—l)}sz +1):| = ioe” sin( t—u)du

But, [e"sin( bx+c)dx = —W[asin(bx+c)—bcos(bx+c)]
7 2

L"[(s—l)}sz+l)} B [16:1{Sin(t—u)+cos(t—u)}]

0

%{e’(0+1)—-1(sint+cost)}

Thus, L'[(q_l)}<2+1)]=%(e'—sint—cost)

2a

L_l[az S;im}:p[—“f }
§ =68 +1: (s—3)" +4

_ s—3+3+5 _ [ (5-3)+8
(s=3)"+2%| (s—3) +2?

Here, a = 3 and (s — 3 ) changes to s
ie., — ea’ L‘l [%]
8" 42
1
=e3'{L"( S )+8L"[ J
g* 1. 2% s? + 22
Thus L [ z ik —] = e (cos2t +4sin 2t)
’ s°—6s+13
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2b)
1, 0<t=1
f(t) =14t 1<t<2
2, t>2

f(f)-—-1+(r—1)u(t—1)+(t2—t)u(t—2) by a property.
LIf()] = L(1)+L[(t-1)u(t-1)]+LI(£ -t)u(t=2)] (1)
Let, F(t-1)=(t-1);G(t-2)=+t~t
= F(t)=t ;G(E) = (F+2) —(t+2 ) =+ +3t+2

_ 1 -
Fle)=g $CCI=g 3%

L[F(t-1)u(t-1)]=e*F(s) and L[G(t-2)u(t-2)]=e¢ *G (s)

ie., L[(t—l)u(t—l)]=£ and

Sz

L -B)u(t-2)]= e—zs[;%_),%JJ

We shall use these results in ({1).

1 —=
Thus, LLF(t)] = =+ =5 +f'2=[_—23+%+3
= ho] 5 = =

2¢)

Solve the following initial value problem by using Laplace transforms :

P

*" The given equation is y" (&) + 4y (i) + 2y () = e
Taking Laplace transform on both sides we have,
Lly"(£)]+ 4Ly (t)]+4L[y(£)] = L(e")

e, (SLIy(£)]1=sy(0)=y (0)}+4{sLly(t)]1-y(0)}+4Lly(t)]=—~
Using the given initial conditions we obtain,

1 1

s+1 oF Pyl =y ey

Lly(t)l{s* +4s+4} =

» 1
y(t) ==L |:(s+1}(s+2)3}

1 __A ., B __C
(s+1)(s+2) s+1 s+2 (s+2)°

Let,
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Multiplying with (s+1)(s+ 2)* we obtain

1=A(s+2P2+B(s+1)(s+2)+C(s+1)

Putting s=-1 weget A=1
Putting s=-2 weget C=-1

Putting s=0 we have 1 =1(4)+B(2)—-1(1) . B= -1
1 _ 1 .1
Hence, -0 1)(s+2) s+1 s+2 (s+2)°

-1 1 s -1 1 I -1 »‘1_ o -1 . 1
k [(5+1)(s+2)2:|-L [s+1] H [s+2] k I:(s+2)2]

ie., FE) =& = e (lz)
S

Thus, y(t) = e’ —e* —et=e'—(1+t)e™

3a)

@ The Fourier series of f ( x ) having period 2r is given by

a % N
f(x)= ~29-+ 2.4 cosnx+ » b sinnx ey

n=1 n=1

f(x)sinnxdx

Q'-—\a

1 -12.' l
where, %, = ;{f(x)d}. a _;,[f(l)cosnxdx, bu=;

1Fn—x 1 x? T“
= — dx = — e = —1(2r" -2 0 0
Now, 4, - !; 2 % 27[1-7tx Ty 27 {( n Tt ) }
@, =0
1%¥n—x : "
a = —I > cos nx dx. Applying Bernoulli’s rule,
T

2%

o = fon-f2)- ()]

21!771 [ Cos ’“‘]o + since, sin 2nmt =0 =sin 0

= 2—12[ cos2nm —cos0] = 0, since, cos 2nt =1 = cos 0
TN

0

R
I
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2

I. T =X sinnxdx. Again by Bernoulli’s rule,
o

o =i[(“_x)[$)—(—l)(:ﬂ)f

2
"

b" =

3=

N

- 2_1:"[(7t—x)Cosnx ]ff+0
e (—ncos2nn—mcos0 ) = —1 (—n—n)=l
2nn - =
b, =1/n

Thus by substituting the values of 4, a_, b, in (1), the Fourier series is given by,

T—X -1 I
X - = — 81 -
f(x) 5 "Zl —sinnx

To deduce the required series we put x = /2 in the Fourier series of f (x).

o2 - 5 o (2)

2
ie., n—(m/'2) _ sin (7/2) & sin 7 L sin(3mn/2) . sin 2 = sin (5m/2) oo
2 1 2 3 4 5
Thus, -E:l—_+%_...
3b)

Find a cosine series for f(x) = (x-1)",0<x<1

@ Comparing the given interval [ 0, 1 ] with half range [ 0, I ] we have
| = 1. The corresponding cosine half range Fourier series is given by

a o
f(x)= *2‘14- Y, a cosnmx where,

n=1

ﬂn=

-~
- N

jf(x)dx; 4 = jf(x)cosnnxdx

1 2 3! . 5
a, =2[(x-1)"dx = 2[("‘—31—)—]" = %{0-(—1) Jies 5

a,/2=1/3
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1
i = 2[(3:—1)2 cos nmx dx

n

0
i Z[U_])z_sinnnj _2(x_1)"c_osmrx _‘_2‘_5_i£1n1rx]l
nm
4
n’

n'n? '’ o
1 4 0 I =
- ——n{[ (x—1)cosnmx ]o e nznz-{ oy 23 )} g =
= 4/n’n’
Thus the required cosine half range Fourier series is given by
1 4 & 1
r) ==—F— — COS NIX
f( ) 3 . uz'l n
3c) obtain up to first harmonics
x° 45 20 135 180 225 270 315 360
Y 4.0 3.8 2.4 2.0 -1.5 0 2.8 3.4

% The interval of x is 0<x<2n and period of y = f ( x ) is 2m.

2 :
a, = %Zy a = %Zycosx, b = EZFE‘“I

x® y cos x ¥ COs X sin x ¥y sin x
45 4.0 0.7071 2.8284 0.7071 2.8284
S0 3.8 O O 1 3.8
135 24 | —0.7071 | —1.69704| 0.7071 1.69704
180 2.0 —1 —2.0 O O
225 —1.5| —0.7071 1.06065 | —0.7071 1.06065
270 O O 0 —1 .
315 2.8 0.7071 1.97988 —07071 —1.97988
360 3.4 1 3.4 &) o
Totals| 16.9 5.57189 7.40621

From the table,
Sy =169, Y ycosx = 5.57189, > ysinx = 7.40621,

B
I

L =1/4-(16.9) = 4.225, a, /2 = 2.1125

]
n

= 1/4.(5.57189) = 1.393. b, = 1/4:(7.40621) = 1.8516
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43) find fourier series of
X in O=x=1

ftx}:{ﬂ:(l—xj in 1sx<2

Here f( x ) is defined in [ 0, 2 ] and period of f(x) =2-0 = 2.

5% 2l =2 orl =1.
The Fourier series of f ( x ) having period 2 is given by

.cos(nnx)+z b sin(nmnx)

f(x)=—“§°—+"”;a,

f(x)ydx+ [ f(x)dx

[y —

12

a, = _f_f(x)dx =
1%
1 2

a, =Inxdx+jﬂ:(2—x)dx
QO 1

o ={l5] 25T}
- e{(3-0)ca-n-(- 1} -~

a, /2 = /2
-1 2
a = ij(x)cos(nnx)dx
o

= j-f(x)cos(nvtx)dx+j‘f(x)cos(nnx)dx

x
nxcos(ﬂnx}dx+j- m(2 —x)cos (nmwx ydx
1

=L B
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= n{j'xcos(nnx)dx+j' (2—x)cos(mcx)dx}

1

Applying Bernoulli’s rule to both the integrals,

sin (nnx) cos(nnx) !
a == lix-——lv——#] -
" nm nom” 0

e e

1 2 a 5 ®
- {[cos mtx]o —[cos nmx |, }, since, sin nm =0 = sin0 .

nTCZ

) |
= (cosnm—cos0 —cos2nn+cosnn). But, cos2nm = 1 = cosO0.

n*mn
1
a = ——(—2+2cosnmn)
n-m
—2
@ == 11— (—1)"
B e

b = -1]:'f(x)sin(nnx)dx

= j'f(x)sin(imx)dx+j f(x)sin(nnx)dx

1 2
_[nxsin(mrx)dx+j n(2-x)sin(nrx)dx
0 1

-

n{[x —cos(nnx) (1)- —sin (nnx )]1

29
nm nm 0

-sin (nnx) :

nm nn

_—cos(nnx)

+[(2—x)
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=%E{[xcos(nnx)];+[(2—x)cos(mtx)]:}

= :nl {(cosnm—0)+(0-cosnm)} =0

b =0
The required Fourier series is given by
f(x) = R"Z]{ - cos(nmx)
o 1-(+1) =0 if niseven
Bu, 1-(-1) '{1-(—1) =2 if nisodd

4 2‘5 cos(nnx)

T
Hence, f(x)--i-n,,_ -

4(cosnx cos3mx cosSnx
Thus, f(X)='2——;( 12 13 32 + 52 +]

4b)
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4c)

e

X

0

2

4

6

8

10

12

Yy

9.0

18.2

244

27.8

27.5

22.0

9.0

# The values of y at x = 0 and x = 12 are same. Hence the interval of x is

(0,12). That is 0 < x <12 and we shall omit the value of y for x = 12 in

the process of calculation.
The Fourier series of period 2! is given by

y=f(x)=

+Zac0

unx = .
s—+ Z b sin——

0wl

nmx

Putting [ = 6, the Fourier series upto the second harmonics is given by

Putting 6 =

a - -
y=f(x)= ?”( a cos%*bl sin%x)+( a, cosz—zi+bzsm

nx/6 we have,

y=a,/2+(a cos®+b sinb) +(a,cos20+b,sin 20)
The relevant table is as follows.

2nx

x y |6P=nz/6| cosB [ycos@ sin @ |y sin @
0 | 9.0 0 1 9 0 0
2 (182 60 0.5 9.1 0.866 [15.7612
4 (244 | 120 -05 | =122 0.866 [21.1304
6 |27.8]| 180 -1 | =278 0 0
8 |275| 240 —05 |=-13.75| ~-0.866|-23.815
10 |22.0| 300 0.5 11.0 -0.866 [-19.052
Total [128.9 —24.65 —5.9754
a, = %Zy = %(128.9) = 42.967 %ﬂ ~ 21.4835

2
=%Zycnsﬂ = g(—24.65) = —-8.217



Solution 21MAT31 —jan feb 2023

b=ZTysin® = 2(-59754) ~ ~19918

5a)

2 Ixl <1

1—x
31 If fix) Z{D, Ix] = 1

find the Fourier transform of f{ x )

== 1
- F(u)= | f(x)e* dx= [(1—x*)e™ dx,
X = —as 1
f(x)=0 for |x|=1and 1—x? for |x|<1.
F(u) = [(1—r2)em —(—2x) — F{ =) e':-" by Bernoulli’s rul
7 i*u? T o DML
=;i[(1_:‘_2)e:ux]1 Sz 2 [:xem.\‘]l __gi_[eutx]l_ 5
u x = -1 u2 x = -1 uS x &

[i2=—1,1_=—i,%:i]
1 r 45

—i 2 3 = 2i s i
F(u) =—(0-0)—S5{1-e™ —(—1)e™} - (™ —e™)
u u 7]
2 i~ ~ 2i =
- — 2(el + e a} ) . 3 (elfl . e 1 )
1 i
But, e = cosu+isinu, e™ = cosu—isinu
e’ +e ™ = 2cosu, e —e ™ = 2isinu
—4cosu 4sinu
Hence, F(u) = = + 5
471 u
T xcosx —sinax
Let us evaluate ,F E] dx

x

By inverse Fourier transform, we hawve,

Flx)y = Zl—ﬂ_y_r:?F{r:}e"'""" du
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If x=0:f(x)=1—03=1atx=0.Byputtingx=0intheintegraland

using the expression of F (4 ) we get

1 5 I 4(5111 u—ucosu]e”du = f(0) = 1.

3
i

T .
T sinu—ucosu 27w 7T
| —————du="7"=3
i u RS 2
. - sinu—ucosu
If u is changed to —u, the expression = becomes
sin(—u)—(—u)cos(—u) _ sin ”w itself. Therefore the function is
(—u) u’
even and hence the integral from —o to «o is twice the integral from 0 to «
Tsinu—ucosu 7 fTucosu—sinu T
J- 5 du = — or I — du = —-
u 2 s u

0

NN

7 xcosx —sinx
f—*—s‘—‘dx =
S x

Changing u to x we get

5b_)
Find the Fourier sine transform of f(x) = ¢! and hence evaluate

Txsinmx
J-—de,m:rlﬂ
e 1+x :

" Fourier sine transform is given by

F(u)= Tf(:r)sinuxdx
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F(u) Ie sinuxdx = Ie sinuxdx, gince 2| = %, x>0.
0

e (-1sinux—u cosux)]
n

F;(“):{ (—1)2+143

But, e¢* —>0asx—>w,e’ =1,c0s0 =1, sin0 =0.

Thus, f‘ (Il) =
1+u

By inverse Fourier sine transform we have,

EIE(u)sinuxdu = f(x)
®y °

: T ou
i1e., J 2
51

. T
sinuxdu = — f(x
+u ! : 2f( )

Putting x = m where m > 0 we have f(x) = ¢ = ¢™

f usin mu T o
-———:‘ ‘:_
o 1+w 2
Thus by ch h bl (B, 3
us changing the variable u t I e
s by changing the a 0 X, A 5

5c¢)

| Solve by using Z-transforms : ¥, 2y, _, +¥ = n with Yy, =0=y
Taking Z-transforms on both sides of the given equation we have,

Zz

()4, =47 12205 (2) -4 147 (2) = 5w

[2°+2z+1] ¥ (2) ——ng by using the given values.

(z
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Z
(z-1)(z+1)?

or y(z) =

z z z > z
Le : Ly S . ey N
t’(z_l)‘(Z"'l)z Z—1+ (z—l)‘ (Z+l) (Z+])‘ (1)

or 1=A(z—1)(z+1)3+B(z+1)2+C(z—1)2(2—+1)+D(z—1)2
Pat z=1 : 1=B(4) .. B=1/4

Put z=-1 : 1=D(4) o D =1/4
Equating the coefficient of z* on both sides we get,
A+C=0 or C=-A

Put 2=0:1=-A+B+C+D
ie., 1=C+1/4+C+1/4 or 1/2=2C - C = 1/4. Also A = -1/4
Substituting, A = -1/4,B=C =D = 1/4 in (1) and taking the inverse
Z-transform we have,
z
=t - -
* [(z—l)‘jl

1 _,[ z ] . z
+— — |+=Z —_—
4Z" z+1 4 T [ (z+1)?

1 1 1 S |
___.1+_ o ’“1" Lanh _-1 _1 ]
=g I 1 e (= 1) (1)

W | -

2;1[37(2)] =_%ZY—1[ z :J+

z-—1

ie.,

e
|

= %{ (n-1)=(=1)"(n-1)}

n-1
Thus,|y, = (T—)[ 1=(=1)"1] is the required solution.

6a)
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| Obtain the Fourier cosine transform of the function [Dec. 2
4x, O0<x<1
f(x)=44—-x,1<x<4
0, x>4

Fourier cosine transform is given by

F (u)= Ff(x)cosuxdx

4 -
f(x)cosuxdx +If(x)cosuxdx +If(x)cosuxdx
1 4

[~ T——

1 4 -]
F(u)= _[4.rccnsuxdx +I[4—x]cosuxdx +Iﬂ-msuxdr
i 1 4

Applying Bernoulli’s rule to the integrals we have,

1 Jl . "
E{af}=[4:(-.5””‘"&‘:*4:':?2“1 +[{4-IJEHEEI—{—1}__'CDEET+U
ut " »

m 2
0 1

&
1

44 1 . '
= [xsinux], +F[CDSHI]:' +-E[f4 - x)sinux]; - ;l: [cosux]

4 4 1
E[smu—ﬂ}+u—2{ccmu—I]|+—|[EI—35inu}——-1-,_,—{-::os4u—cosu]
) "

4 4 4 3 1 1
= —=sinu+ --E,—ccasu——3——sinu——2c054u+—zcusu

u u U u 1 u
1 . Scosu-4
Thus, E_(Ir) = —3111:b.|c+-—2———11 cos 4y

i i u

6b)

®  We know that, ¢"" = cosn@+isinn®

We can write, e"® = (¢'")" = k" where k = ¢'°

Z

, k being i®
z-k 5 !

We have, Z (k") =
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may B z(z—e"?)
o )_z—e’° T (z-e"%)(z-€")

z[z—(cosB—isinB)]
22 -z(e' +e°)+1

_ z[(z—cose)+isin91
z* —2zcos0+1

z—cosB)+isinB]
z? -2zcos0 +1

ie., ZT(cosn9+isinn9)=z[(

z(z—cos®) ]+:’[ zsin @

Z (cosnB)+iZ (sinnB) =
- r (€0 ) r (sinn8) [zz—2zcose+1 z* —2zcos0+1
Equating the real and imaginary parts we get

z(z—cos0)
z° —2zcos0+1

Z (cosn@) =

zsin @
z2 —2zcos0+1

Z, (sinn@) =

6c)
| . 3z° + 22
Compute the inverse z-transform of (5z-1)(5z + 25

&> Let #(z)= 3z* + 2z
¥ (5z—1)(5z +2)
u(z) 3z+2
z (52z—-1)(5z+2)
3z+2 A B
Let = +
+ (5z—-1)(5z+2) 5z—1 5z+2
or 3z+2 = A(5z+2)+ B(5z—1)
Put z=1/5:13/5 = A(3) s A =13/15
Put z=-2/5: 4/5 = B(—3) - B = —4/15
. m(z) _13_1__ 4 1
oS T % 155z—1 155z+2
= 13 =z b 4
or U(2)=go— o ——————
75z—(1/5) 75z+(2/5)

135 ( ~ _E -1 ; _i -1 hz
= Z[#(2)] =52 [z—(l;S)] 75 2t [z+(2,.-"5)J

.5
75

Thus, Z ' [a(z)]=u, = {13(1/5 )" —a(—2/5)"}

]



Solution 21MAT31 —jan feb 2023

7a)




Solution 21MAT31 —jan feb 2023

7b)

& The values of x in 0 < x< 1 with &7 = 0.2 are 0, 0.2, 04, 0.6, 0.8, 1.

Here, u, =u in comparison with u, =c’u

xx

gives ¢*=1 and

k =h* /2c* =0.02
The wvalues of # are 0.02, 0.04, 0.6, 0.08 and 0.1 upto 5 levels.
Also by data u(x,0) = sinnx
u; 0 =u(0.2,0)=sin(nw/5)=0.59 ; w, , = u(0.4,0) = sin(2n/5) = 0.95

Uy, =u(0.6,0) =sin(3n/5)=095; u,, =u(0.8,0) =sin(4n/5) = 0.59
The basic table is formed along with values to be computed being
u, (i =1to20).

: = 0 0.2 0.4 0.6 08 | 1
0 0 0.59 0.95 0.95 0.59 (8]
0.02 0 e, u, . i, 0
0.04 0 u, 7 . u, 8]
0.06 0 u, T U, U, 0
0.08 0] iy, t,, . (70 8]
0.1 0 U, T o, u,, 0

The unknowns u, (i = 1to20) are computed by applying Schmidt scheme
= %{U +0.95) = 0.475, u, = %{0,59 +0.95) = 0.77

1y = %(0.95+U.59} —0.77, u, = %{0,95+ 0) = 0.475
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u, = —(0+0.77) = 0.385, u, = %(0.4?5+ 0.77) = 0.6225

—_ B =

w, = —(0.77 +0.475) = 0.6225, u, :%(D.??+ 0) = 0.385

ra

1
y = > (0+0.6225) = 0.3113, u,, = %((1335 +0.6225) = 0.504

1 _ 1
= —(0.6225+0.385) = 0.504, u,, = 5(0.6225+0) = 0.3113

1
s = —(0+0.504) = 0.252, u,, = %(0.3113+ 0.504) = 0.408

1 - -
s = =(0.504+0.3113) = 0.408, 1, = %(0,5[}4+D] = 0.252

2

1
ty =5 (0+0.408) = 0.204, u,, = %{n.zsz +0.408) = 0.33

| .
Uy = —(0.408 +0.252) = 0.33, u,, = ;(u,amsw) = 0.204

19 = o
2
Also by referring to the table, the desired values are written.
(i) u(0,2,0.04) = u;, = 0.385 (ii) #(0.4,0.008) = 1, = 0.408

(iii) u(0.6,0.06) = u,, =0.504

8a)
- 500 1000 500 0
", u u, 1000
1000
2000 1, u, u, >000
1000 u, , u, I

° "~ 500 1000 500 Q
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* ug is located at the centre of the region and hence by the standard

five point formula,
- i{200ﬂ+2l][:ll]+mﬂﬂ+1£}0[}] ~ 1500
Next we shall compute w,, u,, u,, u, by the diagonal five point formula.

lm+ 1500 + 2000 + 1000) = 1125

4

u, = é{mom 2000 +1500 + 0) = 1125

Also wu, =1125 = i,

Further we compute u,, u,, u,,u, by SF.

4, = S(1125 + 1125 + 1000+ 1500) = 1187.5

e

[ = %(ZD{]D+1SDD+ 1125+1125) = 1437.5

, = %{15{]{]+2UU{]+ 1125 +1125) = 1437.5

1y = —(1125 + 1125 + 1500 + 1000 = 1187.5
"4

These values are regarded as the initial approximations to commence the
Liebmann’s iteration. We compute u,(i=1t09) in the serial order by using
the latest iterative values on hand by applying S.F.

First iteration :

' = %[]OOO+1187.5+500 +1437.5] = 1031.25

—

ut” = —[1031.25+ 1125 + 1000 + 1500] = 1164.0625

-h

ulh —[1164 0625 +1000 + 500 + 1437.5] = 1025.3906

ull = %[EGUG +1500+1031.25 +1125] = 1414.0625
ul = i[1414.|{1625 +1437.5+ 1164.0625 + 1187.5] = 1300.7813

ul = i [1300.78 + 2000 + 1025.3906 + 1125 ] = 1362.793
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u! = —[1000 +1187.5 + 1414.0625 + 500] = 1025.3906

|

1
W) = 2[1025.4 +1125+1300.793+1000] = 1112.8

1
= > [1112.8 + 1000 +1362.793 + 500] = 993.8975

Thus the required first iterative values to the nearest integer are as follows.
, =1031, u, =1164, u, = 1025, u, = 1414, u, = 1301

U, =1363, u, =1025, u, = 1113, u, = 994

8b)
- . .

Solve 25u, =u, at the pivotal points given u(0,t)=0=u(5,t);

20x, 0<x<1
5(5-x),1<x<5

Compute u (x, t) for 0 <t <1.

u,(x,0) =0 and u(x,0) ={ by taking h = 1.

*®" Comparing the wave equation c’u, =u, with the given equation
25u,, =u, ,we have ¢* =250rc=5. Also k=h/c=1/5=0.2

Since h =1, the values of x in 0 <x <5 are 0, 1, 2, 3, 4, 5 and the values

of t are 0, 0.2, 0.4, 0.6, 0.8, 1.
We have the following initial table. The values in the first and last column are
zero by the first two initial conditions.

x X, x, X X X, - -2
t 0 1 2 3 4 5
i 0 0 20 15 10 5 0
t, 0.2 0 i, =75 u,=15 | u,=10 u,=5 0
t, 0.4 0 u, = -5 U, =25| u,=10 ug= 0
£ 0.6 0 Uy =-=5 | u,y=-10u,, = =2.5| u,= 0
t, 0.8 0 u,=-5 | u,=-10| u, = -15|u,,= -7.5 0
t, 1 0 o U, o U, . - 0

20x, 0<x<1

We have, u(x,0)= {5(5_x) I=xs5
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o =u(1,0)=20; u,, =u(2,0)=5x3=15;

Uy =u(3,0)=5x2=10; Uy, =u(4,0)=5

1
Next COHSIder, ul,} e 5["1 -1.0 + “1-{_0:]

(Average of the appropriate values on the left and right sides of the first row)

i, :%{U+15]=?.5 U, =%{20+10]=]5

aa3=%(15+5]=1[} ui=%{1{]+ﬂ)=5

*
Iy

The rest of the values are computed easily by applying the explicit formula
scheme and entered in the table.

ug =0+15-20=-5 ; U, =7.5+10-15=25
U, =15+5-10 =10 : u, =10+0-5=5
Next, u, =0+25-75=-5 ; Uy =-5+10-15=-10
U, =25+5-10=-25 ; u, =10+0-5=5
Next, u,, =0-10+5=-5 ; U, =-5-25-25=-10
iy, =—10+5-10=-15 ; Uy =—25+0-5=-75
Next, u, =0-10+5=-5 3 g =—5=15+10=-10
iy, =—10-75+25=-15 ; Uy, ==15+0-5=-20

Thus the required values of u, , are computed and tabulated.

9a)

Given y"-xy' -y = 0 with the initial conditions y(0) =1, y'(0) =0,

- _ 4z .
" Putting y' = 2z, we obtain ¥" = Frt The given equation becomes

Z_i=x2+y ;y(0)=1,2z(0)=0

Hence we have a system of equations,

dy dz
— = F— = -+ — . = L =
F z dx xz+Y where y=1,z=0,x=0

Let, f(x.y.,z) =2z g(xy,z)=xz+y,x,=0,y,=1,2, =0 and h=02
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We shall first compute the following.
k,=hf(x,,¥,.2,) = (0.2) f(0,1,0) = (0.2)0 =0
I =(0.2)[0x0+1]=0.2

hmd L W
, =hf x0+§,y0+—2-, zn+—2—

k, =(0.2)£(0.1,1,0.1) = (0.2)(0.1) = 0.02
l, =(0.2)[0.1x0.1+1] = 0.202
h k, !
k, = hf(x0+—2-, yu+?-, Z°+Ez)
k, =(0.2) £(0.1, 1.01,0.101) = (0.2)(0.101) = 0.0202
I, =(0.2)[0.1x0.101+1.01] = 0.204
k,=hf(x,+h,y,+k, ,z,+L)
k, =(0.2) £(0.2, 1.0202,0.204) = (0.2)(0.204) = 0.0408

I, = (0.2)[0.2x0.204 +1.0202] = 0.2122

1
We have, y(x, +h) = yu+g(k1 +2k, +2k, +k, )

1
z(x,+h) = zn+'6"(11+212+213+14)

Substituting the appropriate values we obtain y(0.2) = 1.0202 and
z(02)=0.204

Thus, y(0.2) = 1.0202 and y'(0.2) = 0.204
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9b)

Euler's Equation

A necessary condition for the integral I = _rf (%, 4. ¥ )dx where y(x,) = ¥,

and y(x,) = y, to be an extremum is that

of d(of

dy dx LE’H'] =0 [Euler's equation]

Proof : AY D (€3

Let I be an extremum along some curve 4 O (%2, 32)

y =y(x) passing through P(x,,y,) and

Q(x,,y,)-

Also, let ¥y = y(x)+ha(x) cazieil L)

be the neighbouring curve (where h is small) S5

joining these points so that we must have *t = X3 X
a(x,)=0at P and a(x,) =0 at Q. w5 (2)

When h = 0 these two curves coincide thus making I an extremum.
That is to say that,

I = J;f(x,y(x)+ha(x),y'(:r)+ ha'(x))dx
is an extremum when 77 = O.

dI
This requires i 0 when h = 0, treating I to be a function of 1.

—f( x,y(x)+ha(x),y(x)+ ha'(x) )dx

Ch

dar 3
dh ;r

Applying chain rule for the partial derivative in RHS, we have,

u_j[ge. g, rau,

dh ] |@xan oy on oy om ..(3)
ox
But & is independent of x and hence ﬁ =
Let us consider (1) and differentiate w.r.t. x.
y =y (x)+ha'(x) L4
%y &y _ .
Also, we have from (1), - a(x)and from (4) e a'(x)

Using these results in (3) we have,
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dr of o
dh ;[[6]/ 2 ey ey’ < (x)]dx = ()

Keeping the first term in the RHS of (5) as it is and integrating the second
term by parts we have,

LS dy’

a a GT d(ad
E !aj;a(x)dx-f-“:%;a(x)] —j’a(x)t—{;(_f;)dx}

i of of f o(x of
=I5——a(x)dx+ gy—,a(xz)-g}?a(ll) —.j:a(x)—x 3y
But a(x,) =0=a(x,) from (2) and we have by combining the two
integrals,

(-4 oo

dl
But we have already stated that g must be zero when h =

extremum. Hence integrand in the RHS must be zero

0 for I to be an
Since a ( x ) is arbitrary we must have

/Nl T
dy dx\ 2y

This is the required Euler’s equation being the necessary condition for the

X

extremum of the functional I = f f(x, y,y')dx

xX.

9¢)

= Let, f(x,y.¥") =y +y” +2ye
Euler's equation, S—f dd [af] = 0 becomes,
M X LEH

{2y+2€‘}—%(2y']zﬂ or y+e* —y" =0
- " X 2 x d
te., y'—y=¢ or (D"-1)y =¢ WherED_d_x
AEis m*-1=0 . m=+1

Hence, CF =y_

X —-X
c,e +c, e

_ e e’
HF =

g’ on replacing D by 1.
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r

y =x=

X

2D

We have, ¥ = ¥y, +y,

Thus,

10a)

d
Obtain the solution of the equation 2 a‘_]i

y=c e +c e +xef2

0f y(1.4) by Milne method

2

X

d
= 4x + d—z by computing the value

x 1 1.1 1.2 13
2.2156 2.4649 2.7514
Yy 2.3178 2.6725 3.0657

@ Dividing the given equation by 2 we have,

d’y 1dy y'
=2x+——= or y" = 2x +
dx? 2dx = 2 2
Putting, y' =z we obtain y" = z' and the given equation becomes
zZ=2x+=
2
; 2
Now, zZ, = 2(1)+E =3
Z =2(1.1)+ 2'32178 - 3.3589
Z =2(1.2)+ 2'6272§ - 3.73625
2 = 2(1.3)+%§7 — 4.13285
We have the following table.
x A | x.=1d =12 x, =13
y Vo ™ 2 y, = 2.2156 Yy, = 2.4649 y, = 27514
y =z Zy =2 z, = 2.3178 z, = 2.6725 z, = 3.0657
Y'=2z z, =3 z, = 3.3589 | 2! = 3.73625 z, = 4.13285
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We first consider Milne’s predictor formulae,

()

Ya

4h
¥, + 3—(221 = ¥ 233)

4h , ,
2" =z +—(22 -2, +22)
4 0 3 1 2 3

On substituting the appropriate values from the table we obtain,
y,") = 3.0793 and z:m = 3.4996
Next we consider Milne's corrector formulae,

) h
yio = _1/2+§(zz+423+zd)

AC) =

B sl
) zz+§(zz+4z3+z‘)

(P)

We have, Z; = 2x‘ +_-12_ — 2(14)+ 3.4996

— = 4.5498
2

Hence by substituting the appropriate values in the corrector formulae we
obtain

¥ =3.0794 and 2 = 3.4997

Thus the required, y(1.4)=3.079%
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10b)

1
Find the curve on which the functional ‘([(y’}z +121y]dx with
4]
y(0)=0andy (1) =1 can be determined.
1
> Let, I = J. [(y')2 +12xy]dx
0
Let f(xy.y) = (¥) +12xy

o d (¢
Euler’'s equation —f e :f;, = 0 becomes,
dy dx\ dy

d r
12x ———(2y’) = 0. That is, 12x-2y" =0 or y

ie., = 6x and integrating w.r.t. x we get, e

dx?
Again integrating w.r.t. x we get,

y=x>+cx+c,
Using the condition y =0atx=0and y =1atx =1,

we obtain c, = 0 and c, = 0

Thus, |y = x| is the required curve.

2
&y LA
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10c)

# Lety =y (x) be a curve joining two points P(x,,y,) and Q(x,,y,)
in the XOY plane.
We know that the arc length between P and Q is given by

' X, 2
s=I£dx= f 1+(%‘Z) dx

X

ie., S=l=f 1+y"” dx

We need to find the curve y ( x ) such that I is minimum.

Let,  f(xy,y) =1+y”

o8
oy dx

o- 4| __ 2y -0
dx| 2, /1+y"?

4f_ ¥ l_.o
or dx f1+y.z

c
Euler’s equation, (a—j;—,] = 0 becomes,

e, yY'Jl+y? -y

2y'y" Y oo
—==_ = (), by quotient rule and cross multiplving.
> W yq plymg

ie., Yy (1+y?)-y"y? =0 or y" = 0.

dy
dx?
Let us integrate twice w.r.t x

ie., 0

Thus |y = c,x + ¢, | which is a straight line.




