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Question 1 is compulsory and Answer any 6 from the remaining questions. Marks COOBEBT

1 (@) Prove that a connected planar graph with ‘n’ vertices and ‘e’ edges has (e-n+2) regions.

(b) Find the number of tree branches and chords in the following graph with 7 vertices and
14 edges.
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1 (a) Prove that a connected planar graph with ‘n’ vertices and ‘e’ edges has (e-n+2)

regions.
(b) Find the number of tree branches and chords in the following graph with 7 vertices

and 14 edges.
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Define the following
(a) Binary tree
(b) Spanning tree
(c) Vertex connectivity
(d) Fundamental circuits
(e) Fundamental cut-sets.

[7]
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L1

Prove that K5 and K; 5 are non-planar graphs.

[7]

CO4

L3

(a) Prove that every tree has one or two centres.
(b) Show that the number of vertices in a binary tree is always odd.

[7]
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L3

Show that for any graph G, k(G) < A(G) < 6(G), where
k(G),A(G), 6(G) denote vertex connectivity, edge connectivity and minimum degree
of a graph G respectively.

[7]
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If G is a simple planar graph with at least 3 vertices, then show that

(@) e < 3n—6,and
(b) e < 2n — 4, for triangle -free graphs.
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Prove the following:
(@) A tree with ‘n’ vertices has (n-1) edges.
(b) There is one and only one path between every pair of vertices in a tree.
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(@) Prove that every tree is a planar graph.
(b) Show that a complete graph K,, is notatree, when n > 2..
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Define the following
(f) Binary tree
(g) Spanning tree
(h) Vertex connectivity
(i) Fundamental circuits
(j) Fundamental cut-sets.
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Prove that K5 and K3 3 are non-planar graphs.
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(c) Prove that every tree has one or two centres.
(d) Show that the number of vertices in a binary tree is always odd.

[7]
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Show that for any graph G, k(G) < A(G) < §(G), where
k(G), A(G), 6(G) denote vertex connectivity, edge connectivity and minimum degree
of a graph G respectively.

[7]
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If G is a simple planar graph with at least 3 vertices, then show that

() e < 3n—6,and

(d) e < 2n — 4, for triangle -free graphs.
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Prove the following:
(c) A tree with ‘n” vertices has (n-1) edges.
(d) There is one and only one path between every pair of vertices in a tree.

[7]
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(@) Prove that every tree is a planar graph.
(b) Show that a complete graph K,, is notatree, when n > 2..

[7]

CO4

L3




Ewerls formida’ e
Theosem ¢ I#Gl is a Conneekel” [iafrw_q'mﬁﬁd (itd,
b-vaics , q-edga ond wsegims, than P-447=8.
Procf. § We. Cl.pp-hﬁ, the fr\t‘h&i.ﬁm mﬂC‘ﬁM&aﬁ
e-daﬂtﬂ,'l'F qts a trivied gragh then sl §5
_o‘laﬁ'am ( P:.-.t g :12{},‘5:! = ];;.ct_arh‘-__m" __:&).
:"ASSWE'_ thed™ the wesult fe "\"smi;, all, Comnecked
- Grechn WK b of edg el Hhan q
Crobee g 50) . 7

Sugse € b0 G el i

Rowve hao Chises .



Qoge 1 % 6' e o hree

.—-—-——'—'-'—.

Tr Ahte Cide - p =qT! ond 721
I, b-qAWs= g+ -9+ =
| Ja PP q+ % = L.
Cose § - G & noba tryee
Te this Cobe, & Coriyed TV
| ok @ be om Q_cché. of o C,ua,c,l&.
Now G-e Is & connecked .C]/TO*P}‘
(q-1)edgr and C-1)Tegfionys.
| .Bbj Tnduction }\uapoﬁ\e.&’rs ;W

Clﬁﬁlﬂ, CO'ne_ .0‘6 move )

With ‘)-\(aﬂ‘?l cel .






2. a)

3 A g{'ﬂn ‘:"r“'“a’ Anee Cawalto Je"ﬁ AQ%M‘:‘E g
DL.Q—"L A E)J"ﬂv?f..ﬂ-f e -~z €a f_ﬁ&_d- o e U&A,t}g 0%

f.!;ﬁﬂ\,ae,.& ard ea.ol ,3;.6' Al ' reuasva M@ Uesat.ces :4

6‘6 dﬂ.ﬁ&cal oY aﬁﬂ(?u»aa-

—

[ he Vel lzy, woxlh ofe_au_aﬂ. W a/@%%ﬂgﬁ/&z&
8 a ot

= E.wfe:«ﬁ ,/():-f'ma}?{ oo te o HSovted Lice.

b) A spanning tree T of an undirected graph G is a subgraph that is a tree which includes
all of the vertices of G.

c)

Vertex-connectivity
Let G 4 connected graph.’/'ﬂfe minimum number of vertices whose removal results in
disconnected or trivial graph is called the vertex-connectivity {or point-connectivity) of G.

d) Fundamental cut set or f-cut set is the minimum number of branches that are removed
from a graph in such a way that the original graph will become two isolated subgraphs.

e) A circuit formed by adding a chord of G to a spanning tree T such that it creates only
one circuit is called a fundamental circuit.
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b) The number of vertices n in a binary tree is always odd. This is because

there is exactly one vertex of even degree, and the remaining n — 1 vertices
are of odd degrees. Since from Theorem 1-1 the number of vertices of odd

degrees are even, n — 1 is even. Hence n is odd.



Proof. First, we prove A(G) < 4(G), if G has no edges then A(G) =
§(G) = 0. Otherwise, removal of all edges incident with a vertex of mini-
“mum degree result in a disconnected graph. Hence A(G) < 8(G).

Now we prove k(G) < A(G). We consider the following cases:

Casc (i) : If G is disconnected or trivial then (G) = A(G) =0

Case (ii) : G is connected graph with a bridge x then A(G) = 1 becomes
1. Further in this case G = K3 are one of the vertex incident wnh x is a cut
vertex. Hence 5(G) = 1, thus x(G) = A(G) = 1.

Case (iii) : Let A(G) > 2 then there exist A(G). There n:muval its
disconnect the graph. Hence the removal of A(G) — 1 of each edges result
in G with a bridge z = uv. For cach of the A(G) — 1 edges select and
incident vertex different from u and v. The removal of the A(G) —1 vertices
remove all the A(G) — 1 edges. If the result in graph is disconnected. Then
k(G) € AG) - L

If not z is not a bridge of this subgraph and hence the removal of u of v

reuslt in a disconnected or trivial graph. Hence £(G) < MG). 0
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7. a)

Proof: We prove the theorem by induction on n.

The theorem is obvious forn = [,n =2 and n = 3: see the trees in Figure 3.1

Assume that the theorem holds for all trees with » vertices where n < k, for a specified
positive integer .

Consider a tree T with k+1 vertices. In T, let e be an edge with end vertices u and v. Since
T is a tree, it has no cycles and therefore there exists no other edge or path between u and
v. Hence, deletion of e from 7 will disconnect the graph and 7 — ¢ consists of exactly two
components, say Ty and T>. Since T docs not contain any cycle, the components Ty and 73
oo do not contain any cycles. Hence, 7y and T are trees in their own right. Both of these
trees have less than k 4 1 vertices each. and therefore, according to the assumption made, the
m:;ﬁ::!dsl for these lrc::s;lth:ll is, each of 7) and 77> cm.minls one less edge than the number
E+ 1 the t:ﬂ;t. Therefore, since the total number of vertices in T\ and T5 (taken together) is
o number of edges in 7 and T3 (taken together) is (k+1)=2=k-1.Bw T, and

2 taken together is T ~ ¢, Thus, T - e contains & — 1 edges. C ” I b

edges : ! ges. Consequently, 7" has exactly &

Thus, 1 . :
thus, if the theorem is true for a tree with n < k vertices, it is true for a tree withn = £+ |

Ices, Hm . . ‘ )
— ce, by induction, the theorem is true for all positive integers n. .
b)
" .
Ifina gmph G there is one and only one palll DEIWEEN €VEry pair vy veries
il e i
s (ree.
hen Gisa :

proof: Since there is a path between every pair of vertices in G, it is obvious that (7 is con-
1ed. Since there is only one path between every pair of vertices, G cannot have a cycle.
o quse, if there is a cycle, then there exist two paths between two vertices on the cycle. Thus,
EE; a‘cannl’:cll':d graph containing no cycles. This means that G 1s a tree. .



8.a)

Let T be a tree. When T is a connected graph that does not contain any circuits.

Since T does not contain any circuit and since 15 contains circuits, T does not contain a
subgraph that is homeomorphicto 5.

Let us assume, for the sake of contradiction, that T contains a subgraph G that is
homeomorphicto 13,3.

This would then imply that there are distinct verticesV1,V2,V3,V4,V5,V6 in T such that
there is a unique path from every vertex in {V1,V2,V3} to every vertex
in {V4,V5,V6} where none of these paths have edges in common.

Let P be the unique path from V1to V4, let Q be the unique path from V4 to V2, let R be
the unique path from V2 to VV5 and let S be the unique path from V5 to V1.

We assume that none of the path’'s P, Q, R, and S have any edges in common.
However, the paths P, Q, R, S then form a circuit within T.
Since a tree T does not contain any circuit, we have then found a contradiction.

So, our assumption “T contains a subgraph G that is homeomorphicto K3,3" is incorrect.
That is, T does not contain a subgraph G that is homeomorphic to K3,3.

We obtained that T does not contain a subgraph homeomorphic to K5 nor K3,3.
Conclusion: By Kuratowski's theorem, T is planar.

Hence proved.

b) If v, v, v, are any three vertices of Kn , where n > 2, then the closed walk AR isa

cycle in Kn. Since Kn has a cycle, it cannot be a tree.



