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1 |Define isomorphism og graphs. Verify weather the following graphs are isomorphic or not.
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Define the following
(a) Complete graph

(7]

(b) Pendant vertex co1l| L1
(c) Regular graph
(d) vertex deletion in a graph
Prove that a simple graph with n vertices and k components can have at most
—K)(n— [7] col| L3
(n_k)(n_k+1) k)(: k1) edges.
Find the number of edges in a complete graph with n vertices.
Show that a simple graph of order 4 and size 7 does not exist. 12 13
How many edges and how many vertices are there in the complete bipartite [7] o1 ’
graph K47 and K;7,11?
Define Euler circuit, Euler trail, Euler graph. Prove that a connected graph G has
an Euler circuit if and only if all vertices of G are of even degree [7] L1, 13
CO2
Let A={1,2,3,4,5,6} R is a relation on A defined by aRb iff a divides b. Find the (7] 13
relation R, matrix relation and the graph of R. Is R an equivalence relation?. COo2
In a complete graph with n vertices, where n is an odd number n>=3, prove that
there are (n-1)/2 edge disjoint Hamilton cycles. (7] co? L3
Explain Konigsberg bridge problem. 7] o2l 13
Define the following
(a)Complete graph
(b) Pendant vertex (7] Co1l| L1
(c) Regular graph
(d) vertex deletion in a graph
Prove that a simple graph with n vertices and k components can have at most
) (n— [7] co1l| L3
(n k)(;l k+1) edges.
Find the number of edges in a complete graph with n vertices.
Show that a simple graph of order 4 and size 7 does not exist. 12 13
How many edges and how many vertices are there in the complete bipartite [7] o1 ’
graph K47 and K 7,117
Define Euler circuit, Euler trail, Euler graph. Prove that a connected graph G has
an Euler circuit if and only if all vertices of G are of even degree 7] L1, 13
CO2
Let A={1,2,3,4,5,6} R is a relation on A defined by aRb iff a divides b. Find the (7] 13
relation R, matrix relation and the graph of R. Is R an equivalence relation?. CO2
In a complete graph with n vertices, where n is an odd number n>=3, prove that
there are (n-1)/2 edge disjoint Hamilton cycles. [7] o2 L3
Explain Konigsberg bridge problem. [7] o2l 13
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1.8.1 The Konigsberg Bridge Problem

In the eighteenth century city named Kénigsberg in E
named Pregel River which divided the city
of the river-and two were islands. These p
bridges as depicted in Figure 1.122.

ast Prussia (Europe), there flowed a river
nto four parts. Two of these parts were the banks
arts were connected with each other through seven

Figure 1.122

The citizens of the city scemed to have
the four land areas, can we retumn to that a
once?

posed the following problem: By st

arting at any of
rea after crossing each of the seven

bridges exactly

This problem, now known as the Konigsberg Bridge
cral ycars. In the year 1736, Euler analyzed the problem
solution. This was indeed the starting point for the devel

problem, remained unsolved for sev-
with the help of a graph and gave the |
opment of graph theory. |
Let us sce what the solution is (as given by Euler). Denote the land a
by 4, B, P, O, where A, B are the banks of the river and P, Q are the isla
1.122). Construct a graph by treating the fou.r land areas.as f_our vertices and (
c;)ImCCling them as seven edges. The graph is as shown in Figure 1.123.

rcas of the city
nds (See Figure
he seven bridges
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1.9. Hamilton cycles and Hamilton paths

WD
L&y

QO

g
Figure 1.123
We note that, in this graph,

deg(A) = deg(B) = deg((Q) = 3, degl(P) = 5.

fa
ﬂ\@

which are not even. Therefore, the graph does not have an Euler circuit”. This mezns that ¢
does not exist a closed walk that contzins zll the edges exactly once. This amounts o szy

that it is not possible to walk over each of the seven bridges exactly once and retum 0 th
stzrting point.
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) n

R : . .
mm A simple graph with n vertices and k components can have at most
(n = K)(n - kit 1)/2 edges.

Proof: Lctn be the number of vertices in the first component, 73 be the number of vertices in

the second component, and so on; and finally nx be the number of vertices in the Ath component,
in the given graph G. Then

m+mt+my+-ctm=n

Q)

This gives

m=D+m=D++m=D=n=(1+1+1+---kterms)

=n-k.

Squaring both sides, we get

=1+ =1+ =17 +8 ==k

where S is the sum of products of the form 2(n; = 1)(n; = 1), i = 1,2

Il BT |k‘ j = 1,2‘..“k‘
i#J.
Since cach of ny,ny, ..., n s greater than or equal o 1, we have § > 0. Therefore. (i)
yields
(rny — l): +(ny — l)2 +oee (g - l): < (n-k)?
2 2 2 .9 5
or nptny e tng=2m bt A m) + k< (n - k)?
, | 2 2 -
or np+nt--+np s(n-Kk7 +2n-~k, using (i)

=+ K =k +2n—-k

=n" ~ (k- 1)Q2n - k)
&
ie., 21‘ n,2 snt = (k- DQ2n-k (i)
I=

s————— e = [ P Or . N . . ‘ .
See Theorem following the handshuking propenty, in Section 1.2.1.
*Scee 1he
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1.7. Connected and Disconnected Graphs 75

Nﬂ“f- since G ‘-“[ 4 5“‘(}!": grapl;, cach of the components of G'is a simple graph. Therefore,
> maximum number of edges whi T _ . Y
the ma ' - ges w 1.lch the ith component can have is %n,-(n,- - 1)." Therefore,
the maximum number of edges which G can have is N. where
b ]

1 k
N: 5;’”(”" e l) (]V)

From (1v), we find that

k k k
N = %Z("%‘"i)=%Z"f“% Z""

—
]
—

(n? = (k- 1)(2n - k)} - -;—n, using (iii)

(n* = 2nk+n+ k> —k)

(n—k)(n—k+1)

(]
N —= N — N = N —

Thus, the number of edges in G cannot exceed %(n —k)(n—k+1). This proves the theorem. ;
o
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1.8 Euler circuits and Euler trails

f

‘Consider a connected graph G. If there is a circuit in G that contains all the edges of G, then
that circuit is called an Euler circuit (or Eulerian line, or Euler tour) in G. I{ there is a trail in

(; that contains all the edges of G, then that trail is called an Euler trail (or unicursal line) in
G.

" Recall that in a trail and a circuit no cdge can appear more than once but a vertex can appear
more than once. This property is carried to Euler trails and Euler circuits also.

Since Euler circuits and Euler trails include all cdges, they automatically should include all
vertices as well

- A connccted graph that contains an Euler circuit is called an Euler graph (or Eulerian
graph).
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80 . 1. Directed Graphs and Grapis

A connected graph that contains an Euler trail is called a semi-Euler graph (or a sem;-
Eulerian graph or unicursal graph).

For example, in the graph shown in Figure 1.116, the closed walk

P(f] QegRGJPE,;SC'sRe(, T(f','P
is an Euler circuit.!?Thercfore, this graph is an Euler graph.

€4

TS

>
€5

C7

€2 R e T

Figure 1.116
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T LIS § A connected graph G has an Euler circuit (that is, G is an Euler graph) if and
only if all vertices of G are of even degree.

Proof: First, suppose that G has an Euler circuit. While tracing this circuit we observe that
every time the circuit meets a vertex v it goes through two edges incident on v ( -— with the one
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1.8. Euler circuits and Euler trails 81

through which we enter v and the other through which we depart from v). This is true for all
vertices that belong to the circuit. Since the circyit contains all edges, it meets all the vertices
at least once. Therefore, the degree of Cvery vertex is a multiple of two (i.e. cvery vertex is of
cven degree). '

Conversely, suppose that all the vertices of G are of even degree. Now, we construct a
circuit starting at an arbitrary vertex v and going through the edges of G such that no edge is
traced more than once. Since every vertex is of even degree, we can depart from cvery vertex
we enter, and the tracing cannot stop at any vertex other than v. In this way, we obtain a circuit
g having v as the initial and final vertex. If this circuit contains all the edges in G, then the
circuit is an Euler circuit. If not, let us consider the subgraph A obtained by removing from G
all edges that belong to g. The degrees of vertices in this subgraph are also even. Since G 1s
connected, the circuit g and the subgraph H must have at least one vertex, say v/, in common.
Starting from v/, we can construct a circuit 9’ in H as was done in G. The two circuits q and ¢’
together constitute a circuit which starts and ends at the vertex v and has more edges than g. [f
this circuit contains al] the edges in G, then the circuit is an Euler circuit. Otherwise, we repeat
the process until we get a circuit that starts from v and ends at v and which contains all edges
in G. In this way, we obtain an Euler circuit inG.

This completes the proof of the theoremw .
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mml’l@? \":S'haw that a complete graph with n vertices, namely K,, has in(n - 1) edges.

» In a complete graph, there exists exactly one edge between every pair of vertices. As such,
e number of edges in a complete graph is equal to the number of pairs of vertices. If the
ber of vertices is n, then the number of pairs of vertices is

num
n!

C2 = (n—2)12!

]
= in(n- 1)

Thus, the number of edges in a complete graph with n vertices is Zin(n - 1). ) w

Note: For another proof of this result, see Example 12, Section 1.2.1.
T /

% /Show that a simple graph of order n = 4 and sizem =1 and a complete graph

o ordern = 4 and size m = 5 do not exislL.

» For n = 4, we have

1 1
- —N==x4x3=6
2n(n 1) >

' — 12 = 7 does not
Since m = 7 exceeds this number, a simple graph of order n = 4 and size m

- exist.

‘ : = lete eraph of order 4 and sizce
Similarly, since m = 5 1s not equal to En(rf — 1) = 6, a complelc grap

m = 5 does not exist. ) |
_— # >t ez . _..L9
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P,

E‘ﬂmpiﬁ;ﬂ (a) How many vertices and how man y edges are there in the complete bipartite
gmp/w K4'7 and K‘/', | ? |

(b) If the graph K1, has 72 edges, what is r?
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) 1. ))irecterl Graphs and Graphs

» Recall that the complete bipartite graph K., has r + s vertices and rs edges.
Accordingly:

(a) The graph K47 has 4 + 7 = 11 vertices and 4 x 7 = 28 cdges, and the graph K711 has 18
vertices and 77 edges.

N\
(b) If the graph K, |, has 72 edges, we have 127 = 72 so that r = 6.} -
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