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Module 1
Q1(a) Question

With usual notations, prove that for a polar curve

ﬁ
dr’

where ¢ is the angle between the tangent and the radius vector.

tangp = r

Solution

Let the polar curve be r = f(6).

x =rcosb, y =rsinf
Differentiate w.r.t. 6:
d d
d—z = d—ZCOSG — rsiné,
d d
W —rsin9+rcos9.

dg  do

Hence slope of tangent,

dy %sin&—i—rcosG

dx %COS@*T‘SiHQ'

Let 1 be the angle made by the tangent with the x—axis.

dy
t ==
an e

Radius vector makes angle # with z—axis, hence angle between tangent and
radius vector,

p=1—0.
Using tangent subtraction formula,

tany — tan 6

tang = ——— ——.
ang 1+ tan tan €

Substituting and simplifying,

tan ¢ = % = r?.
< r
do
tang = r —
an ¢ rdr




Q1(b) Question
Find the angle between the curves

a

r=ualogf and r= Togd’

Solution

Angle between curves is the angle between tangents:

do
t =7r—.
an ¢ Tdr
Curve 1: r =alog6
logf = r
a
Differentiate:
1do 1 df 0
Odr a dr  a
Hence,

tan g =r—.
a
Substitute r = alog 6:

tan ¢; = 6log6.

Curve 2: r = alog6

logf = —.
Differentiate:
L a_ db__ab
0dr 12 dr 2
Thus,

Substitute r = alog 6:



Angle between curves:

tan ¢1 — tan ¢o

t = .
ane 1 + tan ¢ tan ¢o
ta flogd — (—0log6)
no =
1— (flog6)?
261og 6
tana =

1 —602(log 6)?

Q1(c) Question
Show that the radius of curvature of the curve
r" = a" cosnb

varies inversely as 7"~ 1.

Solution

Radius of curvature in polar form:

Given:
r’ = a" cosnb.
Differentiate:
dr
nr” 1= = —q"nsinnd.
do
dr _ a” sin nd
e pn—1
Using a™ cosnf = r",
dr
— = —rtannd.
do

Second derivative:



d?r d
W = —@(7‘ tann@)

d
= — (r tannd + rn sec? n0) .

do
Substitute % = —rtannb:
&r
07 rtan? nd — rnsec? nd.

Substitute into curvature formula and simplify using
sec?nf = 1 + tan? né,
we obtain

secnb.

r
+1
Since

TTL an
cosnf = — = secnf = —,
n ,rTL

Q2(a) Question
Find the radius of curvature of the curve
3 4+ 9® = 3axy

at the point (32, 32).



Solution

Given curve:
23 + 3 = 3axy.

Differentiate implicitly w.r.t. x:

d d
322 +3y2£ =3a <scdg +y) .

Divide by 3:
2+ 9y = alzy +y),

where 3y’ = dydzx.
Rearrange:

v (y* — azx) = ay — 22

,  ay—ax?
Yy =— .
y? —ax

At (z,y) = (3a2, 3a2):

,a-3a2— (3a2)?  3a?2—9a%4  —3a%4
(3a2)2 —a-3a2  9a%4 — 3a?2 3a24

Second derivative:

Differentiate
2? + 3%y = a(zy +y).

20+ 2yy + vy = a(zy” +y +y).

2z +2yy' + vy = a(zy” + 2y).

Rearrange for y”:
y'(y? - az) = a(2y’) — 2z — 2yy’.
Substitute ¥y’ = —1 and point values:

y" (9a®4 — 3a°2) = a(—2) —2-3a2 — 2 - 3a2(—1).

LHS factor:
y" - 3a*4.



RHS:
—2a — 3a + 3a = —2a.

Thus,

n_ —2a _ 8
Y 73247 34

Radius of curvature:

(1 + y/2)3/2
|y

(1+1)32  (2)%/2.3a

83a 8

(2)3/2 = 2v/2.
_3a\/§
==

Q2(b) Question
Show that the curves
r =a(l+sinb), r=a(l —sin6)

cut orthogonally.

Solution

Angle between curves in polar form:

do
tan ¢ = 7“%.
Curve 1: r = a(1 +sin0)
dr
g = @cos 0.
g 1

dr  acos@’



dd a(l+4sinf) 1+sind
tang; =r— = = .
dr acosf cos

Curve 2: r = a(l —sinf)

I seoss B___ 1
a6~ Y T T acose

—a(l—sinf)  1—sinf

tan = =
02 acosf cos 6

Angle between curves:

tan (7251 — tan (7252

tana = .
1 + tan ¢ tan ¢o

Substitute:
1+ sinfcos@ + 1 — sin fcos
tan o = - - .
1— (14 sinfcosfh) (1 — sinfcosH)
2/ cosf 2/ cosf
= 3 = — 0
1—1 —sin” fcos? 0 1-1
Hence,

a = 90°.

Curvescutorthogonally.

Q2(c) Question
Find the pedal equation of the curve

r? = a2 sec 26.



Solution

Pedal formula:

do
p =rsing, tan¢ = r—.
dr
Hence,
4
r
p2 = a2
7+ (%)
Given:
r? = a2 sec 26.
Differentiate:
d
Qrd—g = a®sec 20 tan 20 - 2.

dr a® sec 20 tan 26
do r ’
Using r? = a? sec 20:

d—; = rtan26.

Substitute:

4 2
2 r r

pe= 72 + r2 tan? 20 - 1+ tan? 26

=12 cos? 20.

Using sec 20 = r2a?:




Module 2
Q3(a) Question

Expand log(sec z) in powers of z up to and including the term containing z*.

Solution

We use the standard expansion:

secx:1+x—2+%+~~
2 24
Let
y:secx—lzx—Q—&—%—l—---
2 24
Using
2
10g(1+y)=y—%+---

Compute y2 up to z:

Hence,
1 ( ) _ x? n 5t 1zt
og(secx) = > 5 5 4
_ x? 5zt ozt
2 24 8
Take LCM:

2 .’1,‘4

log(secx):%+ﬁ+~-~

Q3(b) Question

Evaluate:

(@) lim (LFTFE "
x—0 3 ’

;s li cotw'
(i) z_l)r;l/Q(sec x)



Solution
(1)

Take logarithm:

nZ — Tim 11n(a+b+6> ,
x—0 3

Use expansions:

a*=1+zlna—+---
¥ =14+xInb+---

c*=14zlnc+---

Thus,
a®+ b +c®=3+z(lna+1nb+Inc).
w:l—i—{(lna—i—lnb—l—lnc).
3 3
Now,
In(1+u) ~ u.
Hence,
mL=2 Zna+Inb+nc)
nl=_ g(na+ln nc).
lanlna—i—lnb—l—lnc.
3
<lna+1nb+lnc)
L=exp| ———— |.
3
L = (abe)'/3.

10



(ii)

Let
L= lim (secx)®"”.
z—7/2
Take logarithm:
InL = lim cotx In(secz).
z—mw/2
Put
T
=——t t—0
z=3 ,
Then
1
secx = csct ~ 7 cotx = tant ~ t.
Thus,
1
InL = tln(t> = —tlnt — 0.
Hence,
L=e"=1
1

Q3(c) Question

Discuss the maxima and minima of the function
flz,y) = 2>+ 9> — 3z — 27y + 24.
Solution
First partial derivatives:
fe=322-3,  f,=3y>—2T.
Set to zero:

302 —-3=0=22=1= gz =41,

11



Critical points:

32 —2T=0= ¢y’ =9 = y = +3.

(173)7 (17*3)7 (7133)7 (717*3)'

Second derivatives:

Determinant:

1. At (1,3)

D =

2. At (—1,-3)

fzz:6xa fyyzﬁyv fmy:()

D = foufyy — fy = 36xy.

36(3) =108 >0, fin =6>0= Minimum.

F(1,3) =1+27—-3—81+24=—32.

D =36(3) =108 >0, fuz =—-6<0= Mazimum.

3. At (1,-3)

4. At (—1,3)

f(=1,-3) = —1—27+3+81 + 24 = 80.

D =36(—3) = —108 < 0 = Saddlepoint.

D =36(—3) = —108 < 0 = Saddlepoint.

Mazimum = 80at(—1, —3)

Minimum = —32at(1,3)

12



Q4(a) Question

It
U= f(x7 yv Z) 9
y 2z x
prove that
x% + % + Z% =0
ox yay oz
Solution
Let
_ _Y _
p=—, q= - r=—-
z
Then
u= f(p,qr).
Using chain rule:
ou , Op dq
o~ 7or Mg Ty
Compute derivatives:
O _ 1 9q_, or_
oxr y Oxr  Or
Hence,
ou x z
33% = ;fp ;ﬁ
Similarly,
ou x y
y@ = —gfp + ;fqv
ou y z
9. = Rty
Add:

TUg + Yuy + zu, = 0.

13



Q4(b) Question
If

u:x2+y2+22, v=xy+tyz+zr, w=r+y-+ =z,
find the Jacobian 9(u, v, w)d(z,y, z).

Solution

J = 222y22y + zx + zx + yl111.
Expand:

J=2z[(x+2) - (@+y)] -2yly+2) - (@+y]+22[(y+2) - (&+2)]
=2z(z —y) —2y(z —z) + 22(y — ).
=2z —y)(z-2)(y—2)-(=1).

J =2 —-y)(y—2)(z—a).

Q4(c) Question

If
u=a?4+y>+2%, x=e?, y=cos3t, z=sin3t,

find dudt.

Solution
u = e + cos? 3t + sin® 3t.
Using identity:

cos? 3t +sin? 3t = 1.

u=e*+1.
Differentiate:

— =4e".
at

dudt = 4e*

14



Module 3
Q5(a) Question
Solve the differential equation
(2zy + y?) dx + (22 + 2zy) dy = 0.

Solution

Let
M = 2zy + y?, N = 2% + 2zy.

Check exactness:

oM ON
— = 2z + 2y, — =2z + 2y.

oy Oox

Since
oM _ ON
oy Oz’

the equation is exact.
Find potential function ¢ such that
by = M = 2zy + 3>,
Integrate w.r.t. x:
o= /(2xy +y?) de = 2%y + 2y® + h(y).
Differentiate w.r.t. y:

by = 2° + 22y + B’ (y).

But ¢, = N = 22 + 2zy.
Hence,

h'(y) =0= h(y) =C.

Therefore solution:

22y +xy? =C.
Q5(b) Question
Solve
dy x4y
dr  x—y’

15



Solution

This is homogeneous.

Put
N dy n dv
=== =v+x—.
y dx dx
Substitute:
dv T+ v 1+
V+r— = = .
dr = —wvx 1—w
Hence,

x@_l—i—v
de  1—w

Cl+v—v(l-v) 1+07

1—w 1—v
Separate variables:
1-— d
2T =
1+ 02 x

Integrate:
1 v dx
———dv— | ——=dv= [ —.
/1+v2 v /1+v2 v x

tan"!v — 12In(1 + v?) = Inz + C.

Substitute v = yx:

1
tan~! (%) —5 In(z? +y?) =Inz + C.

Q5(c) Question

Solve the differential equation of Clairaut type
_ 2
Y =pr+p°,

where p = dydzx.

16



Solution

Differentiate:
dy dp dp
- = — +2p—.
dz Pt dz + pdm
But dydx = p.
Hence,
dp
= 2p)—.
p=p+(z+2p)
dp
2p)— = 0.
(@ +2p) -
Two cases:
1. dpde =0=p=C.
Substitute:
y = Cz+ C?.
This is the general solution.
2. z+2p=0=p=—3.
Substitute into original:
2 2 2
A TR T
Singular solution:
22
Y= a

Q6(a) Question
Solve

& + ytanz =sinz.
dx

17



Solution

Linear equation:
P=tanz, @ =sinzx.
Integrating factor:
[.F. = ¢ tanzde _ p—mncosw _ o0y
Multiply:
dy .
secT + ysecxtanx = seczsinx.
x
LHS becomes:
d
—(ysecz) = tanz.

dx

Integrate:

ysecr = /tanmdm = —In|cosz| + C.

y=cosz (C —1In|coszl|).

Q6(b) Question

Solve by variation of parameters
1!
Yy +y=secz.
Solution
Complementary function:

m2+1=0=m = +i.

Yo = Crcosx + Cysinzx.
Let
yp = A(z) cosx + B(x)sinx.

Auxiliary conditions:

18



A’ cosz + B'sinz = 0,

—A’sinz + B’ cosx = secz.

Solve:
Multiply first by cosx and second by sinz and add:

B'(sin? z + cos? ) = sec xsin .

B’ =tanz.

B= /tanxdm = —1In|cosx|.
Now

A'cosz + (—1In|cosx|) sinz = 0.
A’ cosx +tanzsinz = 0.
A = —tan®z.

A:/ftaHde:E:xftanx.

Particular solution:
yp = (x —tanz) cosx — (In|cos z|) sin z.
General solution:

y=Crcosz+ Cysinz + (z — tanz) cosz — (In | cos z|) sin z.

Q6(c) Question
Solve the Cauchy—Euler equation

22y —xy +y=0.

19



Solution
Assume y = 2.
y =ma™ Y =m(m —1)z™ 2

Substitute:

?m(m — 1)z™ ™2 — zma™ " 4 2™ = 0.

m(m — 1)z™ — ma™ 4+ 2™ = 0.

[m(m —1) —m+1]z™ = 0.

(m—1)%=0.

m = 1(repeatedroot).
Hence solution:

y=(C1+ Cylnzx)z.

20
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