




Module 1

Q1(a) Question

With usual notations, prove that for a polar curve

tanϕ = r
dθ

dr
,

where ϕ is the angle between the tangent and the radius vector.

Solution

Let the polar curve be r = f(θ).

x = r cos θ, y = r sin θ

Differentiate w.r.t. θ:

dx

dθ
=
dr

dθ
cos θ − r sin θ,

dy

dθ
=
dr

dθ
sin θ + r cos θ.

Hence slope of tangent,

dy

dx
=

dr
dθ sin θ + r cos θ
dr
dθ cos θ − r sin θ

.

Let ψ be the angle made by the tangent with the x–axis.

tanψ =
dy

dx
.

Radius vector makes angle θ with x–axis, hence angle between tangent and
radius vector,

ϕ = ψ − θ.

Using tangent subtraction formula,

tanϕ =
tanψ − tan θ

1 + tanψ tan θ
.

Substituting and simplifying,

tanϕ =
r
dr
dθ

= r
dθ

dr
.

tanϕ = r
dθ

dr
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Q1(b) Question

Find the angle between the curves

r = a log θ and r =
a

log θ
.

Solution

Angle between curves is the angle between tangents:

tanϕ = r
dθ

dr
.

Curve 1: r = a log θ

log θ =
r

a

Differentiate:

1

θ

dθ

dr
=

1

a
⇒ dθ

dr
=
θ

a
.

Hence,

tanϕ1 = r
θ

a
.

Substitute r = a log θ:

tanϕ1 = θ log θ.

Curve 2: r = alog θ

log θ =
a

r
.

Differentiate:

1

θ

dθ

dr
= − a

r2
⇒ dθ

dr
= −aθ

r2
.

Thus,

tanϕ2 = r

(
−aθ
r2

)
= −aθ

r
.

Substitute r = alog θ:

tanϕ2 = −θ log θ.
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Angle between curves:

tanα =

∣∣∣∣ tanϕ1 − tanϕ2
1 + tanϕ1 tanϕ2

∣∣∣∣ .
tanα =

θ log θ − (−θ log θ)
1− (θ log θ)2

.

tanα =
2θ log θ

1− θ2(log θ)2

Q1(c) Question

Show that the radius of curvature of the curve

rn = an cosnθ

varies inversely as r n−1.

Solution

Radius of curvature in polar form:

ρ =

(
r2 +

(
dr
dθ

)2)3/2∣∣∣r2 + 2
(
dr
dθ

)2 − r d2r
dθ2

∣∣∣ .
Given:

rn = an cosnθ.

Differentiate:

nrn−1 dr

dθ
= −ann sinnθ.

dr

dθ
= −a

n sinnθ

rn−1
.

Using an cosnθ = rn,

dr

dθ
= −r tannθ.

Second derivative:
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d2r

dθ2
= − d

dθ
(r tannθ)

= −
(
dr

dθ
tannθ + rn sec2 nθ

)
.

Substitute dr
dθ = −r tannθ:

d2r

dθ2
= r tan2 nθ − rn sec2 nθ.

Substitute into curvature formula and simplify using

sec2 nθ = 1 + tan2 nθ,

we obtain

ρ =
r

n+ 1
secnθ.

Since

cosnθ =
rn

an
⇒ secnθ =

an

rn
,

ρ =
an

n+ 1

1

r n−1
.

ρ ∝ 1r n−1

Q2(a) Question

Find the radius of curvature of the curve

x3 + y3 = 3axy

at the point ( 3a2 ,
3a
2 ).
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Solution

Given curve:
x3 + y3 = 3axy.

Differentiate implicitly w.r.t. x:

3x2 + 3y2
dy

dx
= 3a

(
x
dy

dx
+ y

)
.

Divide by 3:

x2 + y2y′ = a(xy′ + y),

where y′ = dydx.
Rearrange:

y′(y2 − ax) = ay − x2.

y′ =
ay − x2

y2 − ax
.

At (x, y) = (3a2, 3a2):

y′ =
a · 3a2− (3a2)2

(3a2)2 − a · 3a2
=

3a22− 9a24

9a24− 3a22
=

−3a24

3a24
= −1.

Second derivative:
Differentiate

x2 + y2y′ = a(xy′ + y).

2x+ 2yy′ + y2y′′ = a(xy′′ + y′ + y′).

2x+ 2yy′ + y2y′′ = a(xy′′ + 2y′).

Rearrange for y′′:

y′′(y2 − ax) = a(2y′)− 2x− 2yy′.

Substitute y′ = −1 and point values:

y′′
(
9a24− 3a22

)
= a(−2)− 2 · 3a2− 2 · 3a2(−1).

LHS factor:

y′′ · 3a24.
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RHS:

−2a− 3a+ 3a = −2a.

Thus,

y′′ =
−2a

3a24
= − 8

3a
.

Radius of curvature:

ρ =

(
1 + y′2

)3/2
|y′′|

.

ρ =
(1 + 1)3/2

83a
=

(2)3/2 · 3a
8

.

(2)3/2 = 2
√
2.

ρ =
3a

√
2

4
.

Q2(b) Question

Show that the curves

r = a(1 + sin θ), r = a(1− sin θ)

cut orthogonally.

Solution

Angle between curves in polar form:

tanϕ = r
dθ

dr
.

Curve 1: r = a(1 + sin θ)

dr

dθ
= a cos θ.

dθ

dr
=

1

a cos θ
.
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tanϕ1 = r
dθ

dr
=
a(1 + sin θ)

a cos θ
=

1 + sin θ

cos θ
.

Curve 2: r = a(1− sin θ)

dr

dθ
= −a cos θ, dθ

dr
= − 1

a cos θ
.

tanϕ2 =
−a(1− sin θ)

a cos θ
= −1− sin θ

cos θ
.

Angle between curves:

tanα =

∣∣∣∣ tanϕ1 − tanϕ2
1 + tanϕ1 tanϕ2

∣∣∣∣ .
Substitute:

tanα =
1 + sin θcos θ + 1− sin θcos θ

1− (1 + sin θcos θ) (1− sin θcos θ)
.

=
2/ cos θ

1− 1− sin2 θcos2 θ
=

2/ cos θ

1− 1
→ ∞.

Hence,

α = 90◦.

Curvescutorthogonally.

Q2(c) Question

Find the pedal equation of the curve

r2 = a2 sec 2θ.
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Solution

Pedal formula:

p = r sinϕ, tanϕ = r
dθ

dr
.

Hence,

p2 =
r4

r2 +
(
dr
dθ

)2 .
Given:

r2 = a2 sec 2θ.

Differentiate:

2r
dr

dθ
= a2 sec 2θ tan 2θ · 2.

dr

dθ
=
a2 sec 2θ tan 2θ

r
.

Using r2 = a2 sec 2θ:

dr

dθ
= r tan 2θ.

Substitute:

p2 =
r4

r2 + r2 tan2 2θ
=

r2

1 + tan2 2θ
= r2 cos2 2θ.

Using sec 2θ = r2a2:

cos 2θ =
a2

r2
.

p2 = r2
(
a2

r2

)2

=
a4

r2
.

p2r2 = a4 (Pedalequation).
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Module 2

Q3(a) Question

Expand log(secx) in powers of x up to and including the term containing x4.

Solution

We use the standard expansion:

secx = 1 +
x2

2
+

5x4

24
+ · · ·

Let

y = secx− 1 =
x2

2
+

5x4

24
+ · · ·

Using

log(1 + y) = y − y2

2
+ · · ·

Compute y2 up to x4:

y2 =

(
x2

2

)2

=
x4

4
.

Hence,

log(secx) =

(
x2

2
+

5x4

24

)
− 1

2
· x

4

4
.

=
x2

2
+

5x4

24
− x4

8
.

Take LCM:

5

24
− 3

24
=

2

24
=

1

12
.

log(secx) =
x2

2
+
x4

12
+ · · ·

Q3(b) Question

Evaluate:

(i) lim
x→0

(
ax + bx + cx

3

)1/x

,

(ii) lim
x→π/2

(secx)cot x.
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Solution

(i)

Take logarithm:

lnL = lim
x→0

1

x
ln

(
ax + bx + cx

3

)
.

Use expansions:

ax = 1 + x ln a+ · · ·

bx = 1 + x ln b+ · · ·

cx = 1 + x ln c+ · · ·

Thus,

ax + bx + cx = 3 + x(ln a+ ln b+ ln c).

ax + bx + cx

3
= 1 +

x

3
(ln a+ ln b+ ln c).

Now,

ln(1 + u) ≈ u.

Hence,

lnL =
1

x
· x
3
(ln a+ ln b+ ln c).

lnL =
ln a+ ln b+ ln c

3
.

L = exp

(
ln a+ ln b+ ln c

3

)
.

L = (abc)1/3.
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(ii)

Let

L = lim
x→π/2

(secx)cot x.

Take logarithm:

lnL = lim
x→π/2

cotx ln(secx).

Put

x =
π

2
− t, t→ 0.

Then

secx = csc t ∼ 1

t
, cotx = tan t ∼ t.

Thus,

lnL = t ln

(
1

t

)
= −t ln t→ 0.

Hence,

L = e0 = 1.

1

Q3(c) Question

Discuss the maxima and minima of the function

f(x, y) = x3 + y3 − 3x− 27y + 24.

Solution

First partial derivatives:

fx = 3x2 − 3, fy = 3y2 − 27.

Set to zero:

3x2 − 3 = 0 ⇒ x2 = 1 ⇒ x = ±1,
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3y2 − 27 = 0 ⇒ y2 = 9 ⇒ y = ±3.

Critical points:

(1, 3), (1,−3), (−1, 3), (−1,−3).

Second derivatives:

fxx = 6x, fyy = 6y, fxy = 0.

Determinant:

D = fxxfyy − f2xy = 36xy.

1. At (1, 3)

D = 36(3) = 108 > 0, fxx = 6 > 0 ⇒Minimum.

f(1, 3) = 1 + 27− 3− 81 + 24 = −32.

2. At (−1,−3)

D = 36(3) = 108 > 0, fxx = −6 < 0 ⇒Maximum.

f(−1,−3) = −1− 27 + 3 + 81 + 24 = 80.

3. At (1,−3)

D = 36(−3) = −108 < 0 ⇒ Saddlepoint.

4. At (−1, 3)

D = 36(−3) = −108 < 0 ⇒ Saddlepoint.

Maximum = 80at(−1,−3)

Minimum = −32at(1, 3)
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Q4(a) Question

If

u = f

(
x

y
,
y

z
,
z

x

)
,

prove that

x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= 0.

Solution

Let

p =
x

y
, q =

y

z
, r =

z

x
.

Then

u = f(p, q, r).

Using chain rule:

∂u

∂x
= fp

∂p

∂x
+ fq

∂q

∂x
+ fr

∂r

∂x
.

Compute derivatives:

∂p

∂x
=

1

y
,

∂q

∂x
= 0,

∂r

∂x
= − z

x2
.

Hence,

x
∂u

∂x
=
x

y
fp −

z

x
fr.

Similarly,

y
∂u

∂y
= −x

y
fp +

y

z
fq,

z
∂u

∂z
= −y

z
fq +

z

x
fr.

Add:

xux + yuy + zuz = 0.

0
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Q4(b) Question

If
u = x2 + y2 + z2, v = xy + yz + zx, w = x+ y + z,

find the Jacobian ∂(u, v, w)∂(x, y, z).

Solution

J = 2x2y2zy + zx+ zx+ y111.

Expand:

J = 2x[(x+ z)− (x+ y)]− 2y[(y + z)− (x+ y)] + 2z[(y + z)− (x+ z)].

= 2x(z − y)− 2y(z − x) + 2z(y − x).

= 2(x− y)(x− z)(y − z) · (−1).

J = 2(x− y)(y − z)(z − x).

Q4(c) Question

If
u = x2 + y2 + z2, x = e2t, y = cos 3t, z = sin 3t,

find dudt.

Solution

u = e4t + cos2 3t+ sin2 3t.

Using identity:

cos2 3t+ sin2 3t = 1.

u = e4t + 1.

Differentiate:

du

dt
= 4e4t.

dudt = 4e4t
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Module 3

Q5(a) Question

Solve the differential equation

(2xy + y2) dx+ (x2 + 2xy) dy = 0.

Solution

Let
M = 2xy + y2, N = x2 + 2xy.

Check exactness:

∂M

∂y
= 2x+ 2y,

∂N

∂x
= 2x+ 2y.

Since
∂M

∂y
=
∂N

∂x
,

the equation is exact.

Find potential function ϕ such that

ϕx =M = 2xy + y2.

Integrate w.r.t. x:

ϕ =

∫
(2xy + y2) dx = x2y + xy2 + h(y).

Differentiate w.r.t. y:

ϕy = x2 + 2xy + h′(y).

But ϕy = N = x2 + 2xy.
Hence,

h′(y) = 0 ⇒ h(y) = C.

Therefore solution:

x2y + xy2 = C.

Q5(b) Question

Solve
dy

dx
=
x+ y

x− y
.
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Solution

This is homogeneous.
Put

y = vx⇒ dy

dx
= v + x

dv

dx
.

Substitute:

v + x
dv

dx
=
x+ vx

x− vx
=

1 + v

1− v
.

Hence,

x
dv

dx
=

1 + v

1− v
− v.

=
1 + v − v(1− v)

1− v
=

1 + v2

1− v
.

Separate variables:

1− v

1 + v2
dv =

dx

x
.

Integrate: ∫
1

1 + v2
dv −

∫
v

1 + v2
dv =

∫
dx

x
.

tan−1 v − 12 ln(1 + v2) = lnx+ C.

Substitute v = yx:

tan−1
(y
x

)
− 1

2
ln(x2 + y2) = lnx+ C.

Q5(c) Question

Solve the differential equation of Clairaut type

y = px+ p2,

where p = dydx.
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Solution

Differentiate:

dy

dx
= p+ x

dp

dx
+ 2p

dp

dx
.

But dydx = p.
Hence,

p = p+ (x+ 2p)
dp

dx
.

(x+ 2p)
dp

dx
= 0.

Two cases:

1. dpdx = 0 ⇒ p = C.
Substitute:

y = Cx+ C2.

This is the general solution.

2. x+ 2p = 0 ⇒ p = −x
2 .

Substitute into original:

y = −x
2

2
+
x2

4
= −x

2

4
.

Singular solution:

y = −x
2

4
.

Q6(a) Question

Solve
dy

dx
+ y tanx = sinx.
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Solution

Linear equation:

P = tanx, Q = sinx.

Integrating factor:

I.F. = e
∫

tan x dx = e− ln cos x = secx.

Multiply:

secx
dy

dx
+ y secx tanx = secx sinx.

LHS becomes:

d

dx
(y secx) = tanx.

Integrate:

y secx =

∫
tanx dx = − ln | cosx|+ C.

y = cosx (C − ln | cosx|) .

Q6(b) Question

Solve by variation of parameters

y′′ + y = secx.

Solution

Complementary function:

m2 + 1 = 0 ⇒ m = ±i.

yc = C1 cosx+ C2 sinx.

Let

yp = A(x) cosx+B(x) sinx.

Auxiliary conditions:
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A′ cosx+B′ sinx = 0,

−A′ sinx+B′ cosx = secx.

Solve:
Multiply first by cosx and second by sinx and add:

B′(sin2 x+ cos2 x) = secx sinx.

B′ = tanx.

B =

∫
tanx dx = − ln | cosx|.

Now,

A′ cosx+ (− ln | cosx|)′ sinx = 0.

A′ cosx+ tanx sinx = 0.

A′ = − tan2 x.

A =

∫
− tan2 x dx = x− tanx.

Particular solution:

yp = (x− tanx) cosx− (ln | cosx|) sinx.

General solution:

y = C1 cosx+ C2 sinx+ (x− tanx) cosx− (ln | cosx|) sinx.

Q6(c) Question

Solve the Cauchy–Euler equation

x2y′′ − xy′ + y = 0.
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Solution

Assume y = xm.

y′ = mxm−1, y′′ = m(m− 1)xm−2.

Substitute:

x2m(m− 1)xm−2 − xmxm−1 + xm = 0.

m(m− 1)xm −mxm + xm = 0.

[m(m− 1)−m+ 1]xm = 0.

(m− 1)2 = 0.

m = 1(repeatedroot).

Hence solution:

y = (C1 + C2 lnx)x.
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